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Quantify macroscopic fluctuations
Concrete example: Heisenberg model
e For V C Z% (think of V as very large) the Hamiltonian Hy is
Hy =Y J@—yo@) o) +h> ol
z,ycV zeV

with o(z) - o(y) = Z?:l o@D (2)o@(y), ¢ = Pauli matrices.

o Let w‘ﬂ/ be the Gibbs state with density matrix % i.e.,
tr(e PHv A)
wy(4) = 5y
tr(e—FAHV)

e Consider another extensive observable, for example the total
magnetization in direction 1, in the domain A C Z¢

Ka = Za(l),

zeN

The average magnetization is m(3) = w‘(/ﬁ) (|K7V|)



Question: Take a domain A which is very large but much smaller
than the size of the system V.

Quantify how likely is it to have a magnetization in the volume
A C V which is different from the average magnetization m(3)7?

Consider the probability measure

Pr{(a,b)} = w) (X(aw (%))

where x5 (A) is the spectral projection onto the eigenspace
spanned by the eigenvalues in the interval (a,b).

One expects limp 7« PA{(a,b)} — 0 if m(B) ¢ (a,b).



Large deviation principle: There exists a nonnegative convex
function I(x) such that

8 ( (MA>>  —IAlI(z)
wo [ Xan | = | <e
Vv ( ,) ‘/\‘

Mathematically we need to separate scales and so take first
VvV 7 Z¢ (thermodynamic limit) and obtain a state w’® of the
infinite system. Then show

1 M
lim — log w” (x e ade (—>> = —I(x).
e—0 |A| (e=eate) \ A

For our example the average magnetization is between 0 and 1
so we expect I(x) to be a convex function which is equal to 4o
outside of (—1,1) and I(x) = 0 at the mean value m(03).

Note further that if we are in a single phase region then we
expect I(x) to be strictly convex while in a phase coexistence
regime (first order phase transition) it might happen that I(x)
to has a " flat piece” for the right observable.



Quantum Lattice Systems

o Lattice Z?, write A C Z? for finite box (cube), and A ~ Z4
means limit taken along a increasing sequence of cubes.

e Hilbert space: At each lattice site there is a finite level quantum
system (a spin) with finite dimensional Hilbert space H, = CV.

For A C Z% the Hilbert space is
7_(/\ — ®a:€/\Hx

e Observable algebras: For a finite volume A
Opn = B(HA) = {A : HA — Ha,linear}
and there is a natural inclusion Ox C O), for A C N\.

The algebra of observable for the infinite system is the C*-
algebra

O = UAOA



e Interactions and Hamiltonians The interactions between the
spins is specified by the collection

® = {px X C Z“ finite}

where ¢x = ¢% describes the multi-body interactions for spins
in X and we will always assume that ¢x is translation invariant.

Finite-volume Hamiltonians

Hp = Zqﬁx free boundary conditions
XCA

and one assumes, for example, that ZXEchbXII < oo (i.e., the
energy per site is bounded).

For example we can assume finite range interactions, ¢x = 0 if
diam(X) > R.



e Finite-volume Gibbs states at inverse temperature g

tr(e PHr A
S84y = e A
) tr(e—FHn)
w/’iqc’an iS the state with density matrix

and Zx = tr(e ?Hr) is called the partition function



The variational principle I : finite volume

For a state wa on Oa with density matrix op the entropy of wa
is

S(w/\) = —tl’((f/\ log 0/\)

For states wa and w;\ the relative entropy of wa with respect to
w' s
7AN

S(wa |wp) = tr(oa(logop — logaoy))

Fact:
o S(wa|wy) >0

o S(wa|wy) =0 iff whA = w),



Theorem: The functional
w — S(wn) — Bw(HAp)

is maximized if and only if wp = w/ﬁ\am (finite volume Gibbs
state). Moreover

log Zp = rrLaX (S(wn) — Bw(HA))

Proof: For any state wan we have

0 < S(W/\ | w/\ can)

= —tr(O'/\(|Og ON — |Og O can))
= —S(w) 4 Bw(Hp) 4 l0g Zx



The variational principle II : Thermodynamic limit

w state for the infinite system ( = positive normalized linear
functional on O)

Assume w is translation invariant.

Write wp for the restriction of w to Op
Facts: The following limits exist
Specific entropy s(w) = limp sz ﬁS(w/\)
Specific energy ee(w) = limp sz |—/1\|w(H/\)

Pressure p(B®) = limp g ﬁ log Zp = limp sz ﬁ log tr(e=#Hn)



Theorem: The functional w — s(w)—e(w) is upper-semicontinuous
and

p(BP) = sup (s(w) — Bes(w))

w trans.inv.

This motivates

Definition: A translation invariant state w”® is a infinite volume
Gibbs state if

p(BP) = s(w) — Bes(w)

We denote by Q(Bd) the set of Gibbs states. The set Q(BP)
iIS @ non-empty compact and convex set but in general it may
contain several states (phase transition).



Equivalent characterizations

One can give other characterizations of Gibbs state

KMS-condition: Define a dynamics a; on O by (if you can!)

a(A) = /\Ii/n;d el tHn ge= A

Then w is a P KMS-state if
w(Ba(A)) = w(au-is(A)B)
for all A, B in a dense subset of O.
Fact: wP® € Q(B®P) iff and only iff w’® is a translation invariant
KMS state.

Araki-Gibbs condition: Technically more involved but useful and
similar to DLR equation, related to relative entropy.

Fact: wP® € Q(Bd) iff and only iff wf® is a translation invariant
state satisfying Araki-Gibbs condition.



Open problem : EXistence of the specific relative entropy

We have seen that if w2® is the finite volume Gibbs state (free

N,can

boundary conditions) then
lim iS(cu/\\(,u/ﬂ\q} )
A/Zd I/\l ,can
exists.
Let w?® be an equilibrium state at temperature g8 and let wﬁq’
its restriction to On.

Problem: Prove that for any translation invariant state w the
limit
s(wlw’) = lim iS(<,u/\|w/ﬁ\)
Az ||
exists and that

s(wlw’) = —s(w) + Be(w) + p(B) .



Equivalent reformulation of the variational principle:

Let w?® be Gibbs state. Then we have
s(wlw’®) =0 iff weQf

It is not known if the the specific relative entropy s(w | w?®) exists
for a general Gibbs state w?®!

Known for

e Classical case

e Quantum case, 8 sufficently small (high-temperature)
e Quantum case, d = 1, finite range interactions.

Difficulty: poor control of the boundary terms for the quantum
case, at low temperatures



The proof of existence relies on the following estimates, due to
Araki. They show that if wP® is a Gibbs state for the infinite
system then its restriction to Op is close to the finite-volume
Gibbs state w/’iicm up to boundary terms.

Asymptotic decoupling property:

If w?® € QF® is a Gibbs state then there exist constants C(A)
with

I
im 109N _
VAN
such that
—BHA
-1 B € B
C(/\) w/\ S W S C(/\) Ld/\

The proof in the classical case is very easy, at high temperature
not too difficult, in dimension 1 quite hard.



Large deviations for the classical case

For comparison let us recall classical results due to Ruelle, Lan-
ford(!), Varadhan, Follmer-Orey, Comets, Olla, Georgii, Lewis-
Pfister-Sullivan, and others

Set-up:
e Interaction ® = {¢x} with Hamiltonians Hyx =) . _, ¢x.
e Pick w’® € Q(B®P) a Gibbs state at inverse temperature 3.

e Pick another interaction W with observables K\ = ZXC/\ Vx.

Theorem: We have

K
oo} A — NI (x
wﬁ (X(w—e,x—l—e) (|/\_|)) =e A1 (x)

I(x) = inf{s(w|w’®), ey(w) =z}
= Inf{P(BP) — s(w) + Bes(w), ew(w) =z}

with



By general arguments (Varadhan Lemma, Gartner-Ellis Theo-
rem...) the rate function is obtained as follows

1) Take the moment generating function w’®(e***) and compute

1
e(a) = lim — log w?®(en)
A/Zd ||

If one has good control of the boundary terms (easy in the
classical case using DLR equation) then

e(a)

2) The rate

—  lim L jog e e ™)
Az | d tr(e=BHA)

1
= lim — logtr(e PHrtakry _jogtr(e PHn)
A Zé ||

= P(B® - aW¥) - P(§P)

function I(xz) is obtained by taking the Legendre

transform i.e.,
I(xz) = sup[az — (P(BP — aWV) — P(BP))] .

aceR



Large deviations for the tracial state — equivalence of
ensembles

We consider the tracial state w°, i.e. if A € O, is a local observ-
able then w°(A) = tr(A) (tr is the normalized trace tr(1) = 1).

Note that

0 HA\Y _ #{p ev of 7, pe (a,b)}

and so the large deviation rate function is

1 H
I(x) = —lim—Ilog {Proportion. of e.v. of =2 in (r—e,x+¢)
e—0 | A AN
= —s(x)

The function s(x) is the microcanonical entropy density ( Boltz-
man entropy ) which counts the number of microstates (=eigen-
values) consistent with a macrostate (energy density x)

j



Theorem: Boltzman et. al. The tracial state wg satisfies a large
deviation principle

Kna
0 - —|N\I(x
w (X(x—e,x—ke) (W)) ~ € AT (=)

with a convex rate function

I(x) —s(x)

—max{s(w), ey(w) =z}
—s(wPEV)

mﬁin(p(ﬁ\lf) + z3)

This is a remarkable formula! It says that

(i) The entropy is the Legendre transform of the pressure (free
energy), that is thermodynamics!

(ii) The entropy can be computed either with microcanonical
means (Boltzman) or via canonical means (Gibbs).



Equivalence of ensembles I:

Define emin = Iim,\/zd infspecﬁHA and emax Similarly.

If W is non trivial then p(BWV) is strictly convex and s(z) is con-
cave and finite on the interval (emin,emax). Thus there exists a
unique B(x) such that

s(z) = P(B(z)¢) + zB(x)

Moreover the maximum is attained if and only if w € Q(B(x)WV),
i.e., if wis a Gibbs state at temperature 8 = 8(x). and we have

microcanonical entropy s(z) = s(w?@VY) canonical entropy



Equivalence of ensembles II: One can use the theorem to prove
the following form of equivalence of ensembles at the level of

states.

Define a microcanonical state wf{“ by

tr (X(x—e,a:—l—e) (|KT/I

tr (X(w—e,az—l—e) (|K

4)
)

One would like to show that if one take first A 7 Z?% and then
e — 0 then every limit point of the sequence w9 is a linear

AW N
combination of Gibbs states w?(®®

> | N—

Wp g (A) =

>

But only a weaker version is known by considering a periodized
version of wf



Large deviations for quantum Gibbs states

Bad news : For the quantum case the rate function I(x) for the
large deviations of

K
o) A
wﬂ (X(:c—e,x-l—e) (W) )

cannot, in general, be expressed in terms of the specific quantum
relative entropy, unlike the classical case:

I(z) # inf{s(w|w’®), ew(w) =z}



The reason is that, by abstract nonsense, (Varadhan's lemma),
if I(x) exists then I(x) is the Legendre transform of

1
e(a) = lim — log w’®(efn)
Ve ZBVAY

If we have a good control of the boundary terms then we should
have
tr(e BHreaKn)

BDr aKp o~
G tr(e—PHn)

modulo boundary terms

But

tr(e PHNFABAY £ tr(e PN
unless Kn and Hp commutel!

So I(x) is not the Legendre transform of P(Bd — aW) — P(BD)



Large deviations in classical subalgebras

Results obtained in various versions by Lebowitz-Lenci-Spohn,
Gallavotti-Lebowitz-Mastropietro, Netocny-Redig, Lenci-R.B.,
Petz-Hiai-Mosonyi, Ogata-R.B, Petz-Hiai-Mosonyi.

(1) Assumptions on wP®: Asymptotic decoupling property:

There exist constants C(A) with limp sz 'Ogvi("\) — 0 such that

-1 B e i fei
C(/\) w/\ S tr(e——ﬁff/\) S C(/\) w/\

(2) Assumptions on the observables Ky = ZXc/\ Yx: Classical
observables

There exists an basis of 'H = H, such that all ¥»x are diagonal
in the product basis of Hyx.

Let O, denote the commutative subalgebra of all observables
diagonal in that basis.



Example: Assumptions are satisfied for example

(1)® consists of a two body interaction and one body interaction
(like in the Heisenberg model) and ﬁzx Gor < Cop =1

(2) Kpn = zxe/\ 1, i.e. only one-site observable.

Cheorem: Under assumptions (1) and (2)
KA
w” (X(w—e,:H—G) (W)) = e NI

I(z) = inf {s(w|w5¢ o E,), w state on Ocl}

with

Remark:

(a) I(z) # infS(w|w’®) and I is given by a classical relative
entropy!

(b) The proof is as in the classical case. Use Lanford techniques
(see Ogata-R.B.)



Large deviations in dimension 1

Partial results in Lenci-R.-B.; full large deviation result is due
to Ogata; formula for the rate function is in the forthcoming
Ogata-R.-B. Relies heavily on Araki’'s results and also Matsui’s

Assumptions

(1) State: d =1 and & finite range

(2) Observable: finite range.

Theorem: Under assumptions (1) and (2)

K
> A o _—|AlI(z
o (x<m_e,m+€) (W)) = o INI@)

with
I(x) = inf {s\u(w | PP, }
with
su(wlw) = Aim 9 (Whlona |whlon.)

and O, is the classical subalgebra generated by K.

Remark: The proof use Araki-Ruelle quantum transfer operator
which provides analyticity of the rate function.



Related problems

(1) Show the existence of the specific relative entropy. For
translation invariant w the limit

) 1
s(wlw’®) = An/n;mswlwﬁ%

exist.

(2) Consider two families of Hamiltonians Hx and KA. Prove
the existence of the limit

1
lim — log tr (eHAeKA)
A Zé ||

Also useful in quantum information theory (Hypothesis testing)

(3) Obtain bounds on imaginary time-evolution

ezzH/\ Ae—zzH/\

uniformly in |A|. In 1-dimension it is an entire-analytic function
(Araki) for local A and A~ Z¢.



