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1. THE BOSE-HUBBARD MODEL

1.1. Introduction. Lattice models of interacting bosons have been considered for different
reasons. On the one hand they were used as models capturing important features of such
systems as, for instance, *He absorbed in porous media, or superconductors where Cooper
pairs are approximately bosonic quasiparticles. But more importantly, it was suggested that
these systems could play an important role in the study of Bose-Einstein condensation! and
superfluidity in interacting systems.

Widely used is the Bose-Hubbard model [FWGF| which describes bosonic particles hopping
on a lattice. The basic ingredients are a hopping term for the kinetic energy of the bosons,
and an on-site interaction proportional to the number of pairs of bosons at the same site,

H=—t Z (ala, + a;;am) + Uy Z(ﬁi — Mg). (1.1)

<z,y> T

Here a, and al are boson annihilation and creation operators at site z, 7, = ala, is the
operator of the number of particles at the site z, the sum of hopping terms runs over nearest
neighbours, and the on-site repulsive potential per pair is 2Uj.

The zero temperature phase diagram was studied by Fisher et al. [FWGF] (with and without
an additional random potential); their discussion suggested the phase diagram according to
Fig. 1. It consists of domains of incompressible phases with integer densities near the ¢ = 0
axis, and a domain of the superfluid phase. Calculations using pertubative techniques indicate
that the lobes should be asymmetric [FM]. The nature of the transition between incompressible
and superfluid phases is still not understood.
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FI1GURE 1. Zero temperature phase diagram for the Bose-Hubbard model in two dimensions.
Lobes are incompressible phases with integer densities. Our results hold in darker regions
near the ¢t = 0 axis (and also for low temperatures).

A natural way to extend the Bose-Hubbard model is to introduce longer-range interactions
between bosons. Let us consider the Hamiltonian defined on a d-dimensional lattice A C Z¢
(d > 2) by

d
H=—t)Y (alay+ala) +Up Y (02 =) +> Up Y fighy. (1.2)

t
<x4> T k=1 |z—y|=Vk
lz—yloo <1

IThe Indian name “Bose” has to be pronounced “Bosh”; we thank Nilanjana Datta for this crucial infor-

7

mation. Please pay attention in the sequel to boshons and boshonic systems.
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The ground states are not difficult to find in two extremal cases, t = 0 and ¢ = oo (i.e. setting
all the couplings Uy to 0). The first case reduces to a problem of finding the ground states
of a classical system. In the latter case, the bosons are independent and a Fourier transform
diagonalizes the one-body Hamiltonian associated with the kinetic part; at zero temperature
the particles exhibit a Bose-Einstein condensation.

Another useful approximation of (1.2) is the hard-core limit, Uy — oo. Introducing the
chemical potential u, we get an anisotropic Heisenberg antiferromagnet with Hamiltonian

d
e = 3 (116350 — 2818) — 2%328) + S0 Y $8 -3 (13)
lz—yl=1 k=2 lz—y|=vk x
lz—yloo < 1
where h =y —4U; —4Us in d = 2, h = p — 6U; — 12U, — 8Us in d = 3, ... . The model (1.3)

can be — at least in some regions of the phase diagram — directly treated (with the help of
[BKU] or [DFF]) as a quantum perturbation of the classical lattice gas model

d
Hig = Z U Z NgNy — ,uZnI, (1.4)

F=1 Ja—yl=vk

with n, € {0,1}. For large Uy and small 11/U, the phase diagram of (1.4) and the ¢ = 0 limit
of (1.2) are identical. Since furthermore, (1.3) is the Uy — oo limit of (1.2) for all ¢, the ¢ — p
phase diagrams of the full models (1.2) and (1.3) are thus expected to be similar for large Uy.
We will meet the model (1.3) once more in Section 2.5 as an example of a situation displaying
a phase with vanishing susceptibility (at zero temperature).

I
=13
200 + 8U; + 8U» J
p=1
8U1 + 80U, superfluid
p=1%
80,
80>
p=1
0 t

FI1GURE 2. Zero temperature phase diagram for the Bose-Hubbard model in two dimensions
with nearest and next nearest neighbour interactions. Incompressible (insulating) phases of
given density are expected to exist in grey regions. In the darker regions the existence of such
phases is rigorously established in the present paper. Supersolid phases might appear between
solid and superfluid phases.

The zero temperature phase diagram of the two-dimensional version of (1.2) was considered
in [OWBBFS]; in the case of large enough Uy and U; > 2Us, its qualitative shape is depicted in
Fig. 2. The translation invariant phases p = n were also present for the on-site Bose-Hubbard
model. Nearest neighbour interactions are responsible for the occurrence of chessboard phases
(with p =n+ %) These phases are not translation invariant — the system exhibits symmetry
breaking, a phenomenon known as diagonal long-range order or solidity. Finally, phases with
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quarter integer densities with alternating rows of density n and n + % are present because of
next nearest neighbour interactions.

Monte-Carlo simulations have been used to investigate the transition from solid to super-
fluid [BSZK, OWBBFS]. The aim was to determine whether [with increasing ¢ in (1.2)], the
structure factor vanishes exactly when off-diagonal long-range order sets in. If on the contrary
there is a range of parameters where the two properties coexist, one has a new phase that is
solid and superfluid at the same time — the supersolid phase. However results of different
calculations seem to be in contradiction and this question is still open.

It is interesting to discuss the degeneracy of the classical (¢ = 0) ground states of (1.2).
While the integer and half integer phases have finite degeneracies, the quarter integer phases
do not. Taking, e.g., the phase p = 1/4, there is alternatively an empty row without any
boson and a row of staggered (antiferromagnetic) occupation pattern with 0 or 1 boson at
each site. The degeneracy is essentially 2%‘/\'%. In this paper, we will actually prove solidity,
incompressibility and absence of superfluidity for the half integer and/or integer phases for
small ¢ and large 3. Our theorems, however, do not cover quarter densities, since we require
that the number of classical ground states is finite.

In three dimensions the model exhibits even more interesting degenerated phases. With well
chosen parameters, the classical part of (1.2) has infinitely many ground states such that their
restriction to any cube is a configuration of the following form (up to rotations and reflections)

2
Here all ground configurations have density 1/8 and their number grows as 21A% . For a

different choice of parameters, the typical cube is as follows,

The density is locked to 1/4 and the degeneracy is roughly proportional to 2%"\'%.

At non-zero temperature the degeneracy is removed since a finite number of particular
configurations of alternated staggered rows have lower excitation energy; this theory of “dom-
inating ground states” preferred by low energy fluctuations was presented in [BS]. One should
expect that this domination is stable against perturbations with a small hopping term. On
the other hand, it is natural to conjecture that a quantum perturbation itself also removes
the degeneracy of the classical ground state, but leads to a different set of configurations.
Again, one would expect that this conjectured phase is stable against small perturbations,
this time stemming from the thermal fluctuations (the method of [DFFR] should apply here).
If a coexistence surface separates the domain in the ¢, 5 plane that is dominated by thermal
fluctuations from that which is dominated by quantum fluctuations, an interesting transition
occurs, driven by the competition between two different kinds of fluctuations. We intend to
study this phenomenon further in the future.
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In order to state our results in d = 2, let us return to the Hamiltonian (1.2). We will assume
that Uy > 0, and

Uy > 4U, +4U2, U >20, >0 (15)

(or Uy = Uy = 0). Under this assumption, it is not difficult to show that the positive real line
decomposes into consecutive intervals Q(()l), H,, Q(()Q), I, le), H,, ... corresponding to classical
ground states with densities py = n + i for p € Q7(7,1), po =n+ % for p € H,, po = n + %
for p € Q%Z) and pyp = n for p € I,,. In I,, the corresponding classical ground state has
period 1, while in H, and Q,(f) they are not translation invariant: in H,, the ground states are
chessboard like configurations with sublattice occupation numbers n and n+1 respectively. For
e Qg) (resp. ng)) the ground states consist of alternating rows of constant and staggered
configurations. See Section 4.2 for a proof.

Our main result for the 2 dimensional Bose-Hubbard model is the statement that small
quantum and small thermal fluctuations do not destroy this structure. To be more precise,
we will show for sufficiently small ¢ and large § (see Fig. 2 for the corresponding regions in
the (¢, ;) diagram)

e There is no off-diagonal long-range order [PO, Yang] for u € I,, or H,, i.e.

[{alay)ap] <O(1)e

e As 3 — oo, the compressibility vanishes,
|- < O)e ¥, ¢>0,

and the density p approaches its classical value,
o= po| SO(1) e,
if u € I, or H,. Here, the density p is defined as
1
p= lim — ) (n,).
Azd A %ZA v
e For i € H,, the local density (n,) is staggered
(hg)y=p+ (-1)A, A>0
where (—1)% = (—1)"'**2. As a consequence, the structure factor
o A ik(z—y) 1
0= S 2 o e

is different from zero for k = (7, 1) # 0.

We will state these results more precisely in the following section, including a precise definition
of the corresponding infinite volume quantum Gibbs states.

1.2. Results. For given u, we call classical ground states the configurations {n,},cx which
appear in the zero-temperature phase diagram for (¢t = 0, ) and we use py to denote the
corresponding mean density, p, = limml‘ Y weaNa- For each n € N consider the disjoint
intervals

I, = {,U, : (2U0 + 8U; + 8U2)n - 2U, < n < (2U0 + 8U; + SUQ)TL},

H, = {M : (2U0 + 8U; + SUQ)TL + 8U, < n < (2U0 + 8U; + SUQ)R + 8U1}

and

QW = {1 : (2Uy + 8U, + 8Us)n < 1 < (2Uy + 8U, + 8Us)n + 8U, Y,
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QW = {1 : (2Uy + 88Uy + 8Us)n + 8U, < pu < (2Uy + 8Uy + 8Us)n + 8U, + 8Us,}.
Next theorem states that for small ¢ and large 3, the mean of the operator

ﬁ[\ = A ﬁxa (16)

in the quantum state is close (more precisely: exponentially close with respect to 3) to the
corresponding classical value py whenever p € I, and p € H,,. In the same region we get a
bound on the compressibility

0

KT = a_u“’” (1.7)

8V

Theorem 1.1 (Two-dimensional Bose-Hubbard model). Assume that the coupling constant
satisfy the conditions (1.5), and that the lattice A is a rectangle that sides have even length,
with periodic boundary conditions. Then for each p € I,,, or u € Hy,, there exists to(p) and

Bo(p) such that for 3 = Bo(p), t < to(p)
i) Incompressibility.
For some constants C,C" < oo and ¢,c’ > 0, one has

[(Padas — po| < Ce™” (1.8)
for every A; recall that po = n for u € I, and py = n + % for uw € H,. Moreover,

<C'e P, (1.9)

J .
‘a(ﬂz\ﬂ,ﬂ
When 3 goes to infinity the compressibility vanishes.

ii) Absence of superfluidity.
There is no off-diagonal long-range order. More precisely,

[{abay)ap] < C"elomvl/e (1.10)

for some C", & < oc.
iii) Solid phase.

For u € H,, and with the boundary conditions taken to be one the two chessboard configu-
rations®, there is long-range order, i.e. with k = (7, ),

1 .
W‘ Z e*@=Y) (7, ) A 5| > const (1.11)
T,yeN

for some positive constant uniform in A.

Remark: When n becomes large, the domains for (¢, ) with corresponding incompressible
phases are smaller. In our representation the reason is that the boson damping condition (2.9)
is getting weaker when increasing n.

The physical significance of the theorem may be more clear when considering the relation
between density and pressure. Recall that g—z = pg—g (fixed variables are the temperature and
the volume). Then we may derive the existence of plateaux in the graph of Fig. 3.

A system of free bosons without mutual interaction features Bose-Einstein condensation and
in particular the claims i) and ii) do not hold. Incompressibility and absence of off-diagonal
long-range order are thus a direct effect of the interactions between the particles. This situation
is analogous to Mott insulator transition in fermionic systems, where an insulating phase may
appear because of the interactions between fermions — in contrast to the situation in band

2See Section 2 for a precise definition of the boundary conditions.
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strong interactions
——————————— weak interactions

p

FIGURE 3. Graph of the density as a function of the pressure, at zero temperature (and in
the case of the Bose-Hubbard model with only on-site interactions).

theory, where the insulating phase is due to an external periodic potential. So it is generally
said that the Bose-Hubbard system forms a Mott insulator in the incompressible phase?.

The proof of Theorem 1.1 is given in Section 4 and relies on Theorems 2.1 and 2.3 below,
and on the contour representation introduced in Section 3.

2. GENERAL BOSON SYSTEM

A quantum model may be expanded, using for instance the Trotter formula, so as to obtain
a classical contour model in one more dimension [Gin]. If the contours have a small probability
of occurence, which is the case if the temperature is low and the off diagonal terms in the
Hamiltonian small, we can use techniques developped for classical spin systems, namely, the
Peierls argument [Pei] (or its extension to asymmetric situations, the Pirogov-Sinai theory
[PS, Sin, Zah, BI]; see e.g. [Kot] for an introduction to these ideas), to obtain a rigorous
description of the states in the thermodynamic limit, and of the phase diagram. General
theory for quantum spin lattice models has been recently proposed in [BKU] and [DFF]. In
the latter the sign problem arising for fermions was dealt with, so that the results also apply
to lattice fermionic systems. The theory was generalized to situations where the diagonal part
of the Hamiltonian has degeneracies that can be removed by non diagonal terms [DFFR, FR].

In the sequel we present an extension of these ideas to the case of boson systems. New
difficulties arise here since we are dealing with Hilbert spaces of infinite dimensions (also for
finite systems) and with unbounded operators. For technical reasons we assume that the
Hamiltonian is of finite range and conserves the total number of particles. The resulting
theory will be then used to analyse solidity and absence of superfluidity in the Bose-Hubbard
systems with Hamiltonian (1.2).

We consider the lattice Z% a classical configuration is a function n: Z¢ — N, z — n,. For
every finite A C Z? we define the vector

na) =[] (a})™ 10). (2.1)

TEA

The space spanned on base vectors |n,) with finite A is the Fock space H,. Notice that if
A C A, we can consider |n4) as a vector of H,. In the following we will always tacitly make
this identification. The set of base vectors of H, is denoted by B,. We are interested in Bose

3We intentionally avoid the term “Mott insulating phase” because stricto sensu it is not a phase: the fact
that a system can be considered to have Mott insulator behaviour depends actually on the chosen microscopic
description.
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systems with Hamiltonian of the form
H =09 4V, (2.2)

where H(® is diagonal in the occupation number basis. Before writing the precise assumptions,
similar to those of [BKU], let us make three important remarks.

Remarks: 1. We consider lattice Z? for sake of simplicity, but our results hold for any periodic
lattices (with minor changes in constants).

2. The operator H® may be periodic rather than translation invariant. However, we need
that @, (gg'(l;)) be independent of = (see below for definitions); in the periodic case we can
define new operators by averaging over a cell whose size is given by the least common multiple
of the periods. The operator V' does not need to be translation invariant, provided that
(2.11)—(2.13) are valid for any A C A.

3. We might be interested in systems of particles with internal degrees of freedom, such
as spins, or systems with different kinds of particles, or mixed systems with localized spins
interacting with itinerant particles, or... . To make the link between these systems and our
framework of spinless bosons, a way is to split each lattice site according to the internal degrees
of freedom and to redefine the Hilbert space and the operators to be compatible with this new
picture. The obtained lattice will be different from Z¢ and the operators will not be translation
invariant (however periodic), but from remarks 1. and 2. above this is not a relevant problem.

2.1. Assumptions on diagonal terms. The Hamiltonian H® will be given in terms of

classical potentials ®, — functions of occupation number configurations ny on A C Z9,
|A| < Ry (finite range). Namely, let

@) =Y @%(m). (2.3)

Adz

Then HO is formally given as

HY =3 0,(0). (2.4)

TEA

Actually, we will introduce the operators H é?/)\ depending on the boundary conditions — see
Section 2.3.

The classical potentials ® 4 (n ) are supposed to be chosen to satisfy the assumptions that al-
low to apply Pirogov-Sinai theory to H(® (see [BKU] for more detailed explanations). Namely,
they are supposed to be translation invariant [® 4, ,(n41.) = ®4(n4)] and to depend on a vec-
tor parameter p € U C R”. Further, there is a finite number of periodic (occupation number)
configurations g = {n,;x € Z?} to be denoted g") to ¢ such that for each p € U the set of
periodic ground states G(p) is included in G := {g™, ..., ¢™}. Actually, denoting

1
em = €m(p) = lim — d g(m) , 2.5
0=l 5 2 @™ (25
we have
G1) = {9 em(p) = eo(p) = min eq(m)}. (2.6)

We also assume (cf [BKU]) that there exists g, € U such that G(u,) = G, that e,,(u) are C!
functions in ¢/ and that the matrix of derivatives

o= () v
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has rank r — 1 for all g € U with uniform bounds on the inverse of the corresponding sub-

matrices. Next, introducing U(z) := {y € Z¢ | dist (v,y) < Ro}, we assume the Peierls
condition: there exists 7y such that
Dy (nu@)) 2 eo(k) + 70 (2.8)
whenever ny ;) & {gU ...,gU } and, in addition, the boson damping condition,
P, (nu(z) = €o(p) + a(ng —b), (2.9)

for some fixed positive vy, a, b. We also need that the derivatives of ®, with respect to p; are
not too big; namely, there must exist constants Cy and ¢y such that

o
Op;

Remark that the diagonal Hamiltonian is not bounded [see assumption (2.9)], its domain is

@I(nU(I)) < Cpeone (2.10)

: . : o .
in fact not necessarily dense in #H,, but the operator e\ is bounded because of (2.8) and
its domain is therefore all of H,.

2.2. Assumptions on hopping terms. Let A4y be the set of (connected) supports for the
quantum perturbations. The term V in (2.2) will be given in terms of the operators £ 4, A € A,
that are assumed to be densely defined on H 4 (and thus also on H, for any A D A. Further,
they are supposed to be of finite range, |[A| < K for some K < oo, translation invariant
(identification of operators £, and £ 44, on H 4 and H,, respectively) and commuting with
the operators Ny = > _, 7y, [t4,N4] = 0. Moreover, denoting Ha,n the subspace of H,
spanned by the vectors {|n4) € By | Y ,c4ns = N} and P4y the orthogonal projector
Payn:Ha — Han, we require that

||tAPA Nl <N, (2.11)
5 .
n H <N, (2.12)
#{n' | (nly]ta|na) #0} <k (2.13)
)

for some k£ < oo and for any occupation number configuration. The conditions (2.11)—(2.13
are, clearly, trivially satisfied for standard hopping terms of the form tA{x,y} —aT La, + QaTaI
Notice that [t4, Na] = 0 when 74 is a monomial that contains the same number of creation
and annihilation operators.

2.3. Stability of the phase diagram. Let us first clarify how we will treat the boundary
conditions. Whenever n is an occupation number configuration and A C Z¢ is a finite set,

we consider the conﬁguratlon n ) that equals n in A and is identified with the boundary
condition ¢g(? outside of A, n =(n ,g/(\c)). Let us introduce the operators

H = Z‘I’ 1) [na)(ny) (2.14)
and define

Hon=> HO+Y ia (2.15)

TEA ACA

These operators are acting on H, and the boundary conditions ¢ appear here as parameters.
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To be able to include e.g. hard core interactions in Hé?;g, we do not assume that it is densely

. . . . (0)
defined. However, with D its domain, we can consider e PMn defined by

~Bnal HiZ Ina)

otherwise.

In this case, the operator e #fea is directly defined via Duhamel expansion involving only

(0) -
well defined terms e ##o% and 1,4, see (3.8) and (3.9).
The main objects of our interest are the quantum states

(Von = Ly, (- e 0Man), (2.17)
Zg A
introduced by taking the operator H,, with the boundary condition fixed as g9 and the
normalization factor given by the partition function 7, , = Tr 4, e #Har .

Our main result is that, deforming slightly the phase diagram of the “classical” Hamiltonian
H©_ we get the full phase diagram of H(®) + AV with phases that can be linked to ground
configurations ¢(?. Two theorems repeating almost verbatim the corresponding statements
from [BKU] can be formulated.

Consider, for each z in Z% and any local operator ¥ (operator on Hgyppw for some finite set
Supp ¥ C A), the translate ¢,(¥). We will always suppose that the domain of operator ¥ is
dense in H, and contains every vector |ny) € By. ¥ may not be symmetric — later on we
shall consider in its role the operators al, and a, for the proof of the absence of off-diagonal
long-range order in the Bose-Hubbard model. We shall, however, always suppose that ¥ is

a moderately off-diagonal operator. Namely, denoting N4(n) := > _,n,, we assume that
there exists a constant cg < oo such that
S l{nh T lna)] < eeNowo o (2.18)
|n/y)EBA

for any n such that |ny) € By; Supp ¥ C A is the support of W.
Define, finally, A(L) as the box

AL)={zx€Z||x| <L forall i=1,...,d}. (2.19)

Theorem 2.1. Let d > 2 and let H®) be a Hamiltonian obeying the assumptions of Section
2.1. Then there are constants 0 < 3y < oo and 0 < \g < 0o, such that for all hopping terms
V' obeying the assumptions of Section 2.2, all B > [y and all A € C with |\| < Ao, there

are constants £, and continuously differentiable functions f,(p), ¢ = 1,...,r, such that the
following statements hold true whenever
ag(B, A, ) == Re fy(p) — mniln Re fim(p) =0. (2.20)
i) The infinite volume free energy corresponding to Zg a1y exists and equals fg,
1 1
=— lim ————log Z, 2.21
fo == 00 XDy 5 108 Zat ) (2:21)
ii) The infinite volume limit
(W), = Jim ()g.n0 (222)

exists for all moderately off-diagonal local operators U [i.e. operators satisfying (2.18)].
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iii) For all moderately off-diagonal local operators ¥ and @, there exists a constant Cy ¢ < 00,
such that

(Ut (@))g — ()¢ (t(®))g] < Cupe™ /%0 (2.23)
iv) The projection operators

(@) _ (@) (q)
PUq(z) = |gL/l'I(:r)><gU('](z)| (2.24)
(9)

onto the “classical states” 9 () obey the bounds

1
[(Pyla =1l < 5 (2.25)
and
m 1
PE] < 3 (220)
for all m # q.

v) There ezists a point fiy € U such that an,(fiy) =0 for allm =1,...,r. For all p € U, the
matriz of derivatives
P (8Re fm(u))
O
has rank r — 1, and the inverse of the corresponding submatriz is uniformly bounded in U.

(2.27)

Remarks. 1. In a standard fashion of the Pirogov-Sinai theory, the statement v) of the Theo-
rem implies that the phase diagram of the quantum system has the same structure as the zero
temperature phase diagram of the classical sytem, with a v — (r — 1) dimensional coexistence
surface Sy where all states are stable, r different v — (r — 1) 41 dimensional surfaces S, ending
in Sy where all states but the state m are stable, ... .

2. The bounds (2.25) and (2.26) can be made arbitrarily sharp (by taking 3 sufficiently
large and A sufficiently small). Then, whenever a, = 0 (i.e. ¢ is stable), the quantum states
(+)q are small perturbations of the corresponding classical states.

3. It may happen that for some ¢ we have a,(5, A, ) > 0 for all 3 < oo, but limg o ag(3, A, 1) =
0. In this case we define the zero-temperature free energy to be

lim l log Zg a1)-

1
— L
Jo= = Im S am

Our future expansions work in this case, because “in a finite volume, any ¢-contour is small”
(this sentence will get a meaning later).

Consider the torus A e (L) = (Z/(2L + 1)Z)d and the corresponding Hamiltonian
Hper,A(L) = Z H;,O) + A Z I?A . (2.28)
IEAper(L) ACAper(L)

Introducing the quantum state with periodic boundary conditions as

1

)

Tt g, (1) (- @ P penizy ), (2.29)

where
Zper,A(L) =Ty HA(L) o PH per,a(L) (2_30)

we state the following.
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Theorem 2.2. Let HO, V, 3 and )\ as in Theorem 2.1. Assume in addition that \ is real.
Then the infinite volume state with periodic boundary conditions,

<‘Il> per — Lh—)ngo<‘ll> per,A(L)> (231)

L being multiple of the lem of the periods of the configurations ¢V, ..., ¢\"), exists for all
local operators W satisfying (2.18). Moreover, it is a convex combination with equal weights of
the stable states,

1
(B por = qg(:m 0] (), (2.32)

Here
Qp) ={ae{l,....r} [ ay(p) =0} (2.33)

2.4. Incompressibility. When studying a system in the framework of the grand-canonical
ensemble, it is often convenient to make an abuse of notation by defining a Hamiltonian
depending on the chemical potential. In the following we will take even more liberty and refer
to the diagonal operator H,(\O) — 1Ny as the “classical part” of the Hamiltonian, and for given
1 define the “classical ground states” ¢(@, 1 < ¢ < r(u) as to be the occupation number
configurations minimizing the energy of H/(XU) — uNy.

The key property, responsible for the occurence of an incompressible phase is the conserva-
tion of the total number of particles (together with the Peierls condition). Notice that in this
section the particles conservation is a crucial assumption, while it was only a technical one for
Theorems 2.1 and 2.2.

Our incompressibility theorem should not be mixed up with the uniform density theorem
of [LLM], although there is some overlap. The latter uses special symmetries of the system
and shows uniformity of the density with respect to coupling constants and temperature, for a
class of models of Hubbard type (the “classical ground states” may be infinitely degenerate,
and in this case our results do not apply). However it is not uniform with respect to the
chemical potential, because only for special values of the latter the system has the necessary
symmetries; the compressibility coefficient does not vanish in general.

Beside conservation of the total number of particles, precise assumptions are as follows.
The Hamiltonian is Hy = H\") — uNx + AV, with H given by (2.4). The chemical po-
tential u plays a role of vector parameter w, however, we do not require the condition (2.7)
concerning the topology of the phase diagram. Inequalities (2.8)—(2.10) must be satisfied by
Dy = 4ss ﬁCI)A — png, and the quantum perturbation still obeys (2.11)—(2.13).

The last assumption concerns the classical ground states; it requires that their number
|G ()] is finite and that the ground state density

1
po= lim — Y ¢ (2.34)

is independent of ¢, ¢ € G(u).

Theorem 2.3. For any chemical potential such that the above assumptions hold, and L as in
Theorem 2.2, there exist constants By < 0o, Ag > 0 and C,C" < oo, ¢,¢ > 0, independent of
L, such that for any 8 > By and X\ < Ao,

1 )
— - < Ce 2.35
‘ < |A(L)| Z Po per,A(L) ( )
z€A(L)
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and

0 1 ‘ )
— Ty <C'e P, 2.36
‘ au < |A(L) | IE;(L) > per,A(L) ( )

Remarks: 1. The theorem should be still valid for any specified configuration outside A with
bounded single site occupation number, as well as for free boundary conditions; however, the
proof would be more tedious.

2. This theorem may be generalized for diagonal observables that commute with the Hamil-
tonian. Such observables may include the total spin (see next section), the total number
of particles of given species, or of given spin, etc ... (of course, everything depends on the
considered system).

3. For one-dimensional systems Theorem 2.3 is still valid, except that (3, now depends on
L. Of course, lim;,_, 4 Go(L) — oo, which means that the result has a meaning only for the
ground state.

2.5. The case of magnetic systems. A related result for magnetic systems can be for-
mulated. Typical Hamiltonians in this case consist of a “classical term” involving the spin
operators in a given direction, say the 3rd direction, {gq(;g)}xeA, including an external mag-
netic field h, and of a “quantum perturbation” with remaining coordinate of spin operators.
Namely,

Hipin system = HY =0y 8P + 23" Vi (2.37)
TEA ACA

The Hilbert space of this system is a tensorial product of finite dimensional Hilbert spaces for
one localized spin particle. The norm of operators V4 has to decrease exponentially with A.

We require that the Hamiltonian conserves the total spin in the 3rd direction, i.e. for any
ACA,

Vi, Y SP1=0. (2.38)
TEA
Then the magnetic susceptibility vanishes at zero temperature. More precisely,
Theorem 2.4. For any spin model with Hamiltonian (2.37) commuting with the total spin
in the 3rd direction, and that satisfy the assumptions of Sections 2.1 and 2.2 of [BKU], or

Section 2.2 of [DFF], — without the splitting condition for the phase diagram, but still with a
finite number of ground states — we have for 3 > By and A < Ay,

1 N
LS s )
‘< |A(L)| xe;(L) 0 per,A(L)

1 5, ) el oo

z€A(L)

< Ke™F (2.39)

for constants K, K' < oo and k,k' > 0 (independent of A C Z%, d > 2); the magnetization of
all the classical ground states is supposed to be the same and is denoted by my.

As an application, we can consider the anisotropic Heisenberg antiferromagnet (1.3). The
zero-temperature phase diagram exhibits phases with zero susceptibility.

Of course, fermion systems present similar properties. To prove it using our contour repre-
sentation requires to take into account a new difficulty, namely the anticommutation relations
for the creation and annihilation operators; they yield a sign that does not obviously factorize
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with respect to the contours. But it does, as was shown in [DFF], and so the incompressibility
can be considered to be established in the case of fermions.

3. DERIVATION OF THE CLASSICAL CONTOUR REPRESENTATION

In this section we show the equivalence of our system with a classical model in one more
dimension in exactly the same manner as in [BKU]. The classical model may be written as
a contour model, whose contours have complicated weights satisfying exponential decay with
respect to their length, when the temperature is low and the perturbation small enough.

Before stating the results of this section in Proposition 3.1 below, we set the notation by
recalling some definitions from [BKU]. Let M € N and 3 > 0 be such that M = [ —
the discretization of the additional continuous dimension, as we shall see. Setting L, =
Ax{1,2,...,M} and C(z,t) C R*™! to denote the closed unit cube centered in (z,t — 3), we
introduce the “lattice” Ty = Uy per, C(2,1).

We view T, as a cylinder by imposing periodic boundary conditions along the extra dimen-
sion (i.e. we assume that for all x € A, the cubes C(x,1) and C(x, M) are neighbours). A
contour Y is a pair (Supp Y, ay), where SuppY C T, is a (non-empty) connected set of cubes
and ay is a labelling of elementary faces F' of OSupp Y, ay(F) = 1,...,r, that is constant
on the boundary of each connected component of Ty \ Supp Y. We write |Y| for the length of
the contour Y, i.e. the number of elementary cubes contained in Supp Y. A set of contours
{Y1,..., Y} is admissible if the contours are mutually disjoint and if the labelling is constant
on the boundary of each connected component of [Ule Supp Y;]C. This set is said to be com-
patible with the boundary conditions q if the external connected components (those touching
Ty4\Ty) of [Ule Supp Y;]C have the label equal to ¢. The horizontal faces centered at (x,t)
will be refered to as P(x,t) (P for “plaquette”).

We define Ty = U, per, C(z,t), with periodic boundary conditions along the time direction
for all x € A not belonging to Supp ¥ (i.e. we assume that for all z € A\ Supp ¥: C(z,1) and
C(x, M) are neighbours). In other words, think of T} as the cylinder T, that is cut along
Supp ¥ at t = 0. The “boundary” S(¥) C T} in time direction is

SWw)= U P(z,0) U Pz, M)
rESupp ¥ rESupp ¥
notice that P(x,0) = P(x, M) whenever x ¢ Supp V. The admissibility and compatibility
with the boundary conditions of a set of contours in T, is defined in the same way as above.

A VU-contour Yy now is a pair (Supp Yy, ay, ) where Supp Yy C T} is a union of cubes such
that each connected component intersects S(W), possibly Supp Yy = (), and the labelling vy,
is constant on boundary faces of each connected components of the complement [Supp Y.

We are now ready for the definition of the equivalent classical contour model.

Proposition 3.1. There exists a function p: {Y | SuppY C Ty} — C such that
i) the partition function of the Hamiltonian (2.2) can be written as

k r
Zon=3 [e(v) I ePertivnl, (3.1)
m=1

{Yla'-'ayk} i=1

where the sum is over admissible sets of contours in Ty compatible with the boundary conditions
q; the set W,, is the union of the connected components of [Ule Supp Y;]c with labels m on
their boundaries, |W,,| is the number of elementary cubes contained in Wp,.
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ii) For any v € R, there exist By < o0 and Ao > 0 such that if § € [50,230] and N < Ao the
following bound is valid for any Y :

Ip(Y)] < o= (Beo(m)+NIY| (3.2)

iii) For any ' € R, there exist B(’) < oo and Ny > 0 such that if B e [B(’], 23(’]] and A < A\ we
have

‘ 0

O
If U is a moderately off-diagonal local operator whose domain contains By, there exists a

function py: {Yy | Supp Yy C T} } — C such that

i)

p(V)] < (Cof + 1) Peoti M, 33

k r
Zyy = TryWe PHor = N oy (V) [ p(vi) T e Pom 7l (3.4)
m=1

{Y¢,Y1,...Y1.} i=1

As before, the sum is over admissible sets of contours, compatible with the boundary con-
dition q; p is the same function as in i); W, is the union of the connected components of
[Ule Supp Y; U Supp Y\p] “ with labels m on their boundaries.

v) If O satisfies the bound (2.18), then for any vy € R there exist fo.y < 00 and Aoy > 0 such
that if B € [B[]’\I;, 250,\1,] and A\ < A\ow we have

lpw (Ye)| < Cy o= (Beo(m)+7w) Yy | (3.5)
with Cy = e“¥YSWP¥l b s the constant from the bound (2.9)].

The rest of the section is the proof of this proposition. We begin by expanding Z;IZA to
obtain explicit expressions for py and p; hence part iv) will be proven, and also part i) that
can be viewed as a special case of iv) with ¥ = 1 [i.e., formally, Supp ¥ = () and there is no
summation over Yy in (3.4)]. Similarly v) implies ii) and therefore the following proofs of iv),
v), and iii) are sufficient.

Proof of Proposition 3.1 iv). We proceed with the expansion of Z, as in [BKU]. We first
write
ZY\ = TrW[e fHan M, (3.6)

We will interpret this as a discretization of the additional “time” dimension (the idea was
introduced in [Bor]), we can insert the expansion of unity 13, = > |na)(na| into (3.6) to
get (we omit here and in the following the index A in n,)

Z;IfA - Z <n(M)|q,|n(0)><n(0)| e~ BHgA |n(1)>___<n(M—1)| e~ BHgA |n(M>>‘ (3.7)
1n(0)

.....

Expansion with the help of Duhamel formula yields*

o™ BHan :Z[H (=A™ /0 ’ drh ... dr?A T (7, m), (3.8)

mu!
m  AcAp A

where m is a multiindex m : Ay — {0,1,...} withfinitem =3, , ma, 7 ={74,..., 74" |A €
Ao} €[0,5]™, and T(m,m): Hy — Ha is defined as follows. First we set (sq, ..., sn) to be

4In the case H é?[g is not, densely defined, this is actually the defining equation for e BHan a5 explained in
Section 2.3.
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a permutation of (7} ,.. TZAl, T ,TZCAI“) such that s; < ... < 8y, and (£, ..., 1)
be the same permutation of (fays---stay,---sta,,...,ta,) where each #, appears exactly m4

times. Then

52
~~
<-Dl
—~
»
M)
»
=
-
_
>

T(r,m) = e~ A R . ot o~ (F=sm) Ty} (3.9)

[with HéA = D en HE), and HY) is given in (2.14)]. Equations (3.7)—(3.8) can be inter-
preted in the following manner on the (d + 1)-dimensional cylinder Ty . We call a time slice
the union of cubes U,ep C(x,t) for a given t € {1,..., M}; at the intersection between each
pair of time slices at t and ¢ 4+ 1 we define an occupation number configuration n%), and use
n to denote the (M + 1)-tuple (n(®), n(l), ooynM )) In each time slice we choose sets of sites
Ay, ..., Ay together with times 71, .. . Then Z ‘s is an integral over all the possibilities of
choosing n, and the sets and times in each time shce

(t)

28, = St o) T [ T S0 / "k O T, ) )

n t=1 m @) AcAp
(3.10)

Notice that the matrix element is zero whenever n*=" and n® do not match on A\B®, where

B® = U A, for t = 1,..., M. Further, n™ and n{® have to match on A\ Supp V.
AeAg,m P 0

To allow these configurations to differ on Supp ¥ was actually the reason for cutting Ty along
(Supp ¥, t = 0).
For a given n we introduce

E(n) = U Oz, 0.
(xat)inggz)¢9((]n8,)
m=1,...,r

We call ezcited cubes the cubes belonging to UL, (U,cp0 C(z,t)) U E(n) with BY = U, o Ulx),

while we say that a cube C(z,t) ¢ E(n) is in the ground state m if ng)(x) = g,(jn(g). The comple-

ment of the set of excited cubes has the property that each connected subset contains cubes
in the same ground state. Therefore for given n and B®,1 < t < M, we may introduce
contours Yy, Y1,..., Y, by decomposing the set of excited cubes into maximal connected com-
ponents. The components intersecting S(¥) are identified with Supp Yy, while the other ones
form Supp Y,...,Supp Y. We define ay (F') to be m if either F' is a face shared by a cube in
SuppY and a cube in the ground state m, 1 < m < r, or it is a plaquette from S(¥) bordering
a non excited cube in the ground state m.

Taking B = (B, ..., B™) and abreviating by Supp the set Supp Yy U [U;?:l Supp Y;],
we get the partition function as a sum over admissible sets of contours (and compatible with
the boundary condition ¢)

Zgn = > ST (M) w )

n
{Y\I/,Yl,---,Yk} E( )Csupp

(t) 3

p ®
> H[ > OISt / drl... A7y [ D T(r,m©) |n®). (3.11)

B:(Supp,n) t=1 m/();B(t) A€Ap
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Here, the sum over n is restricted to those n compatible with the labels ay-, Y € {Yy, Y7, ..., Yi},
the sum over B : (Supp, n) restricts to B that satisfy the condition

Supp \E(n) C U U C(x,t) C Supp,

t=1 e B®)

and m® : B® stands for the condition U A=BWY
AeAg,m P £0
Operators in the Hamiltonian obey the commutation rules

[HO, H"] = 0, (3.12a)
[HO 4 =0 ifU@)nA=0, (3.12b)
[ta,tar] =0 ifANA =0. (3.12¢)

Consider the matrix element in (3.11). On the one hand the operators HY with x ¢ Supp
commute with all the other operators; their contribution may be extracted from the rest
yielding the factor e #XmemWWnl —On the other hand, two operators with support on two

different contours also commute. Cons1der1ng time slices of contours D ={zeA|C (:v t)

SuppVYj}, j = ..., k, and with a( ) the labelhng of the external vertical faces of Dj , We

introduce below the operator T o0 D® (T m®), densely defined in H in such a way that it

D(t)’

contains the information stored in the labelling of the external faces of D](.t). This will allow
us to separate the contributions from different contours, because we will actually have

- 33 Em 7‘(75)
(| T(r,m®) |n®) = = Zh=r emWn] H n' e |T oo (r,m®) |ng)(t)>,
je{\y:la-“ak} !

(3.13)

with W being the set of cubes in the ground state m and located on the slice at time .

To define T Lo (T, m) we consider a modified (contour) configuration so that Y; is the
Jor

unique contour in T}; the exterior of SuppY; decomposes in Ul _, W,,, and we define the

Hamiltonian H((Z) 5O (Wlth domain included in %D(t)) by the relation [c.f. (2.14)]

.7’.7

o (t)
(t) DO = Z Z (n® P |”D(”><”D§.t>| (3.14)

no) zeD®
_7‘ J

o p® )
where n% 7 is the configuration

Ny

gt),D(” e if x € Dj(-t)
g™ if C(x,t) € Wy,



INCOMPRESSIBLE PHASE IN LATTICE SYSTEMS OF INTERACTING BOSONS 17

® p®
(clearly, n® 0" is defined unambiguously). Then T ) (T, m®) is defined the same way
7

as T(T,mW) by replacing Hé?ﬁ with H(?Z) o in (3.9). We thus get
&5 Y

Zy, = Z o8 1 em (1) |Win| Z (M| @ |n©) H

o .
{Yo,V1,...Y%} E(n)CSupp je{,1,.. k}

(t)

Z H[ > H /B dT}l...dTgi?]m o |T(t)Dm(T m®) o)

5:(Supp Yj,n) t=1 ). B(t) AeAp Di

(3.15)

[with the same constraint on the sum over n as in (3.11)].

The sum over n concerns only sites belonging to U, U; (D](.t) N D](-Hl)) — the rest being
constrained by the labels of the contours. This sum factorizes, and therefore the contribution
of a contour is independent of the occurence of other contours and it is possible to write

k
Z;PA = Z o P Xm=r em@Wnl oy, (V) HP(Ya)a (3.16)
j=1

{Yo,Y1,....Yi}

where we introduced the function py by

pe(Yo)= > ™ eR®) Y H

n
E(n)CSupp Yy B:(Supp Yy,n) t=
(t)

)
DO | / Az a0 T o rm®) ) (.17

m®:B(1) A€ Ay 0
with the constraint that the sum over n be compatible with the label ay,,. The expression for
p(Y) is the same except that (n™)| ¥ [n(®) is replaced by (n(™)|n(). This concludes proof
of Proposition 3.1 iv).

O
Proof of Proposition 3.1 v). Recall the decomposition Supp Yy = UM . We introduce
Praam) = > Z )™ Z / i ar'... dTm<n(t_1)|Tq’D$)(T, A) |[n®)
(D(t) ) Aty A o<rli<...<T <ﬁ
UL, 4; "5
(3.18)

where we defined, similarly as in (3.9) (recall that H =D Hq,))

(t) » (t) ¢ ~
T (T,A): Py tAe @Dy Vo lh, ... ta,, € it 4

q,DEIf)

We therefore have

w) = 30 e o (319)

n
E(n)CSupp Yy

with the sum over n being compatible with ay,,.
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(© )(t) may be written as H( ) + H(Oz and a consequence of the commu-

The operator H DN

tation rules (3.12) is that H )(t)\ _ commutes with 4,, 4 = 1,...,m. The minimum value for

m in (3.18) is %; indeed if m is smaller it is impossible to find Ay,..., A,, with their union
equalling B. Omitting then the constraint U”, A; = B, we bound (3.18) by

TATEND DEFSA TR S
pY\p,tn X e
B:(DY m) m > 2l
/ Cdr a0 T, p(r, A) @), (3:20)
0<Ti<...<Tm < AfyAm
A;CB

Let us recall that Ny(n) = > ., n, and introduce B 5 = {n € By | Ng(n) = N}. The
boson damping condition (2.9) implies that for any n € B, we have

o T HE n) < g=reo(w)|B| o—Ta(Ng(n)-blBI)

Inserting the expansion of unity into (3.20) and using the previous inequality we easily get

Y [T, p(r, A) [0

Al Am
AiCB

—Beo(p)|B| ,—Ba( ())—b|B|) n"
< B e T e 5SSt )

AiCBn"€Bg y

—Beo(w)| Bl o—Ga(N(n(®)—b|B) [ ' ]m. .
<e e nlrgl%kém(n) (3.21)
We here used the assumptions (2.11) and (2.13) for the last estimate. Each n!, = € B, is
counted a finite number of times in the last sum, because |A| < K; using ¢4(K) to denote the
finite bound for this number, we have ), NA( ") < eqa(K)Ng(n').
Substituting this into (3.21) and then (3.21) in (3.20) we obtain

—Bn® | HO . - In®)
E e 4Dy \B

B:(DY m)

N

|Pvy ()]

1 agm s ;
E[Iklk%( \Np(n®)3] " e-BeowlBl o=Ba(Npn)=HBl) (3 99)
I \

=z

We use now the inequality >, - @< “e”, m € N, and assume that |A] is small enough

in order that |A|key(K)B < 1; replacing (3.22) in (3.19), with [%1 standing for the integer

immediately bigger than or equal to ‘B‘
M ® :
<n(f>|H [n®)
AT SN CRETRT | B DE
E(n)CTSLUDp Yo =1 gD m)

2L Na(n ())( 2

e Beo(w) B| o—Ba(Np(n®)—b|B)) <| Nkca(K )3) ® = Vs (3.93)
=1
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(M) we use the assumption (2.18) on ¥ to get

5 GO0 )] € oMot
n(0)

Having chosen n

co M, N_w (n®)
'

this last expression is certainly smaller than ec¥/SwPp¥ib ¢ (because of (2.9),
(

g™ < bfor any z, m). Now summing first over B = (B, ..., B™) such that U,epm Clz,t) C

Dg), 1 <t < M, we obtain an upper bound by replacing the sum over n by a sum over n(t)(t),

1 € j < s, with the only condition that if z € DEIf)\B(t), we have nU #* gU for any
1 < ¢ < r. Finally, we simply bound ﬁNB(n(t))f%] by eNs() to get
JEIRT

(0)
- H
5("‘ D(t)\ n)

M
[pw (Yo)| < ecvSuoo¥l TT >

t=1 B,BCD‘(;) nD‘(If),nU(z);égg?a),)

zeDY\B,I <m<r
SN0 eo(u)| Bl oo (N (m)-bIB) (|Alkea( K )B)% ?Naln) - (3.24)
N+|B| N+|B| .
] B ) < M
since |B| < |B|RY, and using the Peierls condition (2.8) and the boson damping condition
(2.9), we get

For a given N the number of configurations on B with N bosons is equal to (

M
lpu (Ye)| < acub| Supp W], —feo (1) Ve H Z (|)\|kcd(K)ﬂ) a(Bab+1)|B|

=1 g g py)
201 00
H [Z e~ Proteuns 4 Z a—Ba(nz—~b) +c\pnzH Z o~ Nlfa—cy—3] (3.25)
veD\B "e=0 ny=2b N=0

The last point is to remark that for any ¢ < oo, there exist 3, Ao such that for any
B e [ﬁg, 260[ and A < )y we have

2b—1
Z e —Bvo+cuna + Z ~ Ba(ne —b)+cyna < %6*7‘1’ (326)
N, =0 Ny =2b
and
00 I S
[3° e Vomen=1) (A Jhea(R)5) 8 ¥4 < oo (3.27)
N=0

The number of sets B such that B C Dg) is smaller than 2|D‘(If)‘, so that we finally get
|pw (V)| < ecvblSupp ] e Peom)Vul o—vulVel (3.28)

which establishes thus the bound (3.5).
U
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Proof of Proposition 3.1 iii). Recall that p(Y) may be obtained from pg(Yy) by replacing
(™M) ¥ |n®) with (n®™)|n®) in (3.19); therefore

) <N =
)= 5 S5t [T vetn) (3.20)
E(n) C%upp Y t=1 i,';:tfi

0 “ O . - 0
— T, po (T, A) = =D (¢ =7l e T iy L, < .Hgg)

O — o
_(Tl_Tlfl)Hi(/?z -EAl e_( _Tm)Hl(/?z
T ago . i@ (0 (1)) Gy H®)
+ Z e T ity e vt o ta, | € YioLe vi . (3.30)
i

=1

We proceed as above using |(n|a%_H§?2 In)| < [DW|Cye®Mp®™ [in view of (2.10)] and
St =) = 3, while a%_f,;l obeys the same bound as %4, see (2.12). Proposition

3.1 iii) is then straightforward.
U

4. PROOFS OF THEOREMS 1.1, 2.1, 2.2 AND 2.3

Proofs of Theorems 2.1 and 2.2. They are exactly the same as the ones of Theorems 2.1 and
2.2 in [BKU] and will not be repeated here. Indeed, they follow from Lemmas 5.1 and 6.1 of
[BKU] which are valid because of Proposition 3.1 — the only modification is to replace ||¥||
in Lemma 6.1 by ecwtlSupp¥| 5 O

4.1. Proof of the incompressibility. The key point in the proof of the incompressibility
[the bounds (2.35) and (2.36)] will rely on the special form that characterizes the expansion
(3.4) in the case where U is the total number of particles. Namely, taking into account the
conservation of the total number of particles, the probability that the configuration has a
different number of bosons than that of the corresponding ground state may be related to the
presence of a contour that winds around the cylinder. Since the length of such a contour is of
the order 3, and its weight is damped, we obtain that this probability is exponentially small
in 3.

We say that a contour winds around the cylinder T, if its support intersects each time slice.
Notice that this definition is not equivalent to the usual topological one; actually, it is only a
consequence. However, it is enough for our purpose, and the proof is simpler in that case.

Lemma 4.1. For any Hamiltonian satisfying the assumptions of Theorem 2.3, we have for
any stable phase q:

®We assumed in [BKU] that ¥ was symmetric; however the proof never used this property and hence Lemma
6.1 applies to non-symmetric operators as well.
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i) There exists a weight p(Y'), with the property p»(Y) = 0 if Y is not a winding contour,
and such that the following expansion holds.

S L RO ST D S | 00D I iR

zEA V..,V 1Y i=1

The last sum over admissible sets of contours {Y1,..., Yy}, with support on Ty and compatible
with boundary conditions q, has to be compatible with Y .

ii) There exists py., such that for any moderately off-diagonal local operator ¥, Supp ¥ C A,
we have

k r
Tr [Z(ﬁx — gng))\If e*ﬂHq,A] — pr,o(yxp) Z HP(Yi) H o Bem ()W |
m=1

rEA Yo {Y1,...,Y }:Yg 1=1

00 > O [To00 JT e @i (12)

{Y\I;,Yl,...,Yk.}:Y

and py o,(Yy) (resp. pr(Y')) is zero whenever Yy (resp. Y') does not wind.
iii) The weights pe, and py ., are damped, i.e. they satisfy similar decay properties as in Propo-
sition 3.1 i) and v).

Remark: the constants 3y and Ay of the assumptions, as well as the constants in the bounds
(3.2) and (3.5) will actually differ from those of Theorem 2.1 and Proposition 3.1.

Proof of Lemma /4.1 ii). [Part i) of the Lemma is a consequence of part ii)].
First we expand the matrix element (n| ¥ e #Har |n) as in Section 3. This yields

(| W e ) = [n~{Y}}p\p<YwH Heﬂem Witnl - (43)

where py(Yy) = pup,n)(Ye), with P4(n) the projector onto the vector |nu), i.e. Py(n) =
[n.4)(na| and p"(Y;) is the same as (3.17) where we replace (n®D| ¥ |[n®)) by (n*)| Py (n) [n®).
The indicator function I [n ~ {Y]H equals 1 if the set of contours is compatible with n, and
equals 0 otherwise.

Then we have

(n] D (7 — gP) e Mt n) =3 (n, — g{0) (n| We Mot |n)

TEA TEA
k r
= Y I~ ] (e~ 0 (Vo) [T ") [ el ()
{Vig,V1,...,V;} TEA i=1 m=1

With IntY; being the union of all components of T} \ SuppY; that are not touching the
complement T}., and Int ,,Y; being the union of components of Int Y; with external labelling
m, we define O-time slices

Supp, ¥; = D" 0 DIV (4.5a)
Int ,,, 0Y; = Int ,,Y; N [Z% x {t = 0}]. (4.5b)

We view these sets as included in Z¢.
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For given n and {Yy,Y1,..., Y.}, admissible set of contours compatible with the boundary
condition ¢ (and also compatible with n, i.e. I [n ~ {Y]H = 1), we have the equality

Z(nx—gé")) = Z [ Z e +Z Z ) — ga e);t))], (4.6)

rEA je{¥,1,....k} TESuppyY; m=1 z€lnt p, oY

with ant denoting the labelling of the external faces of the contour Y;. Let us introduce the
new Welghts p"(Y;), € {1,...,k}, and pg(Yy) by

rop=] 3 ST EY Y - ) (4.72)

z€Suppg Y; m=1 z€lnt , oY}
aext (aext)
py(Ye) = [ > (- YW )+ Z > (g —g )]p(;,(Yq,). (4.7b)
TESuppg Y m=1 z€lnt y,,0Yw
Then
Te [ (e — g@) weer | = 373 (ne = g0) ) nl W ) =
TEA n TEA

k
= X Yt~ p{Arw HP D4 () 3 70 [T o0 }H o Jenliln .
Jj=1 7]
(4.8)
Remark that the summation over all configurations satisfying I [n ~ {Y;}] =1 is equivalent

to successive sums over ngupp,v;, J € {WU,1,...,k}, each sum satisfying the local condition to
be compatible with the labels ay,. We thus obtain

vl X 0% sl ¥ p”m)}i[leﬁemwwfn'

{Yo,Y1,..., Y} NSuppg Yy ~ XYy =1 NSuppq Y; VAY;
20X b XX aow)
Y NSuppy Y ~OY {Yy,Y1,..., Yi 1Y NSuppg Yy ~ XYy
k r
{II > seof[Leeeim 19
1=1 nsupp, y; ~oy; m=1
Defining
poo(Yo)= Y f() and p(Y)= > (),
nSuppo Yy NaY\I, nSuppo Y~y
and since

oY) =p(Yy), S Ae) =pe(Ye),

NSuppg Y; ~AY; NSuppgy Yy ~ Ay

we get (4.2). It remains to check that p"(Y;) [resp. p§(Yy)] is zero whenever Y; [resp. Yy
does not wind, and part ii) of the lemma will be proven.

Let us consider a contour Y such that its exterior is in the ground state m. Taking into
account that p"(Y") depends only on ngupp, v, it is enough to consider the situation where Y’
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is the unique contour (in this case the boundary conditions are m). For a given n (compatible
with V), the factor in brackets in (4.7) equals

> (=g + 3> > (6 —a™),

rESuppy YV m/=1z€lnt ./ Y

and clearly vanishes whenever > _ . n, =>" gém). If, on the contrary, this last equality is

not true, and if Y does not wind, we show that p™(Y’) = 0 [which in turn implies p"(Y") = 0,
see (4.7)]. Indeed, if Y does not wind, then for some ¢, the sum over m in (3.17) is constrained
to n® = ¢ and only terms like

t
(n TT Ty pon (7, m ) g™
J g

=1
contribute in (3.17). But since
[Ta(t,),D(t,) (T, m(t’)), NA] = 0 (410)

for any ', the above terms are zero whenever » _\n, # > -\ ggm).

Thus p"(Y) = 0 for any non winding contour Y.

To verify the same for gy (Yy), we take advantage of the assumption that [U, Ngyppw] = 0,
that we can assume without loss of generality. Indeed, if it were not true, then we might
decompose

U =0 4 g

where ¥ conserves the total number of particles, and U does not. Then, since
TT[j{:(ﬁx__ggn)qﬂ1>e—ﬁH¢A] —0,
TEA

we might only consider ¥(®, O
Proof of Lemma /.1 iii). The weight p¢,(Y) may be written as

= 3 Y - dNr ) MY Y (o - g (1)

NSuppg Y~y TESUppy YV m=1 g€Int ,p,,0Y

We compare the first expression of the RHS with the definition (3.17) of pg(Yy). This is

identical if we set .
U= Z (ﬂx - giay ))7
TESuppy Y
and Supp ¥ = Supp, Y. ¥ is a diagonal operator which is not bounded; but since it diverges
linearly with the number of bosons on Supp U, it is moderately off-diagonal and we can use
Proposition 3.1 v). For the second expression of the RHS we observe that the sums are
bounded by const - [Int oY | < ecmstISupp¥ | “and we use Proposition 3.1 ii).
O

We come now to the proof of Theorem 2.3. In order to use Theorem 2.1, we extend the
Hamiltonian by adding “external fields”, so as to satisfy the condition of splitting of degeneracy
[see (2.7)],

r—1
H=H+> Yy g} (4.12)

i=1 ACA
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Here, the subsets A are such that diam A < Ry. Then the matrix E defined in (2.7) has indeed
the rank r — 1; conditions (2.8)—(2.10) clearly hold, as it is also the case for (2.11)—(2.13).

Proof of Theorem 2.3. From Theorem 2.2 we know that the states with periodic boundary
conditions decompose into states with classical configurations as boundary conditions. There-
fore, it is enough to consider the case with boundary conditions q.

The expectation value of the density may be written

1 1 T S (9) —BHg A
Zﬂx - p0>q,/\ = - [ZIGA(TL:C o )e ]

<m Al Tr e=#Han (4.13)

TEA

The first step consists in expanding these traces by using (4.1) and (3.1). Then similarly
as in [BKU] (see Section 6) we consider the contour Y of (4.1) and the contours encircling it
as a single contour ). We generalize the notion of interiors of a contour to ), namely Int )
is the union of the components of Ty \ Uycy Supp Y that do not touch Ty., and Int ,,,) is the
union of components of Int ) with labels m on the boundaries. Then

”‘(M)e W, ‘
1 Z{Yl Yk}ynz 1 p(Yi)eo B el Won

< E nz p0> TAl E PO( — (1) ) (414)
ALZ oh AL i Ty p(V0) € A oW

where
po) =p(Y) [ »(V), (4.15)
YIEV,Y'£Y

and the constraint {Y1,...,Yx} : ) means that [SuppY; UInt Y;] N SuppY = 0 for any i €
{1,...,k} (the support of Y is Supp Y = Uy¢y Supp V).

The second step is to perform the Pirogov-Sinai transformations to the weights of the
contours; namely, writing Z,(1) for the partition function in W C Ty,

k r(p)
> IIev) I eoemitmt, (4.16)

{Yla-“zyk'} =1

with the sum running over admissible sets of contours in W, compatible with the boundary
conditions ¢, and the W, are sets of cubes of W in the ground state m, we introduce

7"(#)

K, (Y) = efedl] ) (4.17a)
m=1

Kio(Y) = efealV] H (It ) (4.17D)

;(Int mY)’

where |Y| is the number of elementary cubes contained in Supp ). Then we can write

|/1\| Z K, () 271,y Uiz K4(Z) (4.18)

1
<_ Zﬁf” - p0> N z v
|A| TEA A Z{Zl,...,Zk} Hi:l Kq(Zi)

g,
where the Z; are contours with external labelling fixed to ¢ and the sums over sets of contours
{Z1,..., 7} are restricted to sets of non intersecting contours (the condition {Zy,..., Zx} : Y
means that Supp ) does not intersect U¥_, Supp 7Z;, and is not contained in U%_| Int 7;).

The weights K,(Y') and K, ()) satisfy a damping condition, if the phase ¢ is stable. The
proof uses the exponential decay of p(Y) and pr,()) and proceeds by induction on the size of
the contours [Zah, BIJ; see Lemmas 5.1 ii) and 6.1 ii) of [BKU]J.
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In the third step we apply the cluster expansion (see [KP]; actually, a simpler proof may
be found in [Dob], although not covering the whole statement) to the numerator and the
denominator. With C' to denote clusters, i.e. sets of contours with external labelling ¢, and
Supp C, Int C, being the union of respectively the supports and the interiors of the contours

of C, we get
<|T1|Zﬁz—po>qA IAIZqu Jesp{— > @7(C (4.19)
TEA ’

C,CrY

where the summation is over clusters “not compatible with )”: C' « Y stands for the condition
[Int C'U Supp C] N Supp Y # 0.

Precise definition of the truncated function ® is unimportant here (note that ®*(C) = 0 if
Supp C' is not a connected set). We only mention the following property; for any ~, we can
choose  large and A small enough (both depending on 7) in such a way that we have

> K )exp{ > |@7(C 0 (4.20)
Yam,|Y| >4 C,CAY

for any §. Using the fact that ) contains a winding contour, whose length is bigger than (or
equal to) M = /3, we get the bound (2.35).

The second bound is obtained in a similar manner. The derivative of the density with
respect to the chemical potential leads to the fluctuations of the number of particles

au |A| Z M) g = |A| > (i = (Pa)gn) (P — () g0) ) g p- (4.21)
zYEA
Observing that

<(7AL:1; - <ﬁx>q,1\) (ﬁy - <ﬁy>q,1\)>q,/\ = <(ﬁl’ - giq)) (ﬁy - <ﬁy>41A)>q,A

(the difference between the two expressions is obviously zero), we may write

a,u |A|Z >q1\ |A|Z[<Z gfc ny>qA <Z gx qA<ﬁy>q,A]. (4.22)

yeA  zEA TEA
Let us define

= (3 (e — 9Dy, = O (= g)), (s (4.23)

TEA TEA

in the following we show that |,| < e % for some constant a > 0.
First we consider the term

R X 1 . I
<Z(n1 — g§Q))ny>q’A = Z—ATr [Z(nz — g\D)p, e Fan ] (4.24)

TEA 9 zEA

From Lemma 4.1 ii),

k 7(p) )
(> (e — gi) iy ) on = ZA[ZP"’J’O Ya,) Y. [e) T e

zeA (V1,3 )15, i=1

k r(p) )
#3000 X e [T IT e 1] (4.2
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The strategy is the same as above. In (4.25) we sum over all admissible sets of contours,
one of them being a f,-contour, and one of them (possibly the same) having a winding weight.
For a given set, we define )5, to be Y3, and all the contours surrounding it. Then we consider
the contour with the winding weight, as well as the contours surrounding it. If its interior
contains Supp V;,, we denote it by ), and we define the corresponding weight

P (V') = Piy.0(Ya,) Iyreyr gy, P(Y') it V' =i, (4.26)
. po(Y)pa, (Ya,) Hyleyl YAV Y, p(Y') otherwise.
If it does not contain Supp V;,, we denote it by ), and the weight is given by (4.15).
With
piy (Vi) = pa, (V) [ p(Y),
YEVa, VY #Yx
we can rewrite (4.25),
k r(p)
(s~ g,y =[S0 S TLev T e eni
zeA ZaA ' V1,V 1) i=1 m=1
k r(p)
#2 e 3 0n) 3 T [T e~enWal | (4.27)

where the constraint V5, : J means that their supports do not intersect, nor do their interiors,
and the two sums over sets of contours are such that {Y7,...,Y;}UY is admissible and
compatible with the boundary conditions ¢, and moreover for any 7, IntY; N SuppY = 0
()7 — )" in the first sum and ) = YU Vi, in the second one).

We now apply the Pirogov-Sinai transformations; namely, K,(Y) and K., ()) are defined
by (4.17) and analogously

K’ (y/) ,36 V'] rl(ul) m Int my (4 928 )
= a .z0a
q,0 1l q Int my

r(u) Int . yn

Ko, (Va,) = pa,(Va,) eV : 4.28b
ais V) = i, () oo qu (Tt (4.250)
Then, with {Zi,...,Z;} being non-intersecting contours with a%* = ¢, and the constraints

indicating that they cannot encircle ), we obtain an expression convenient for applying cluster
expansion, namely

eﬂql\ k
(S0 =)0 =G (SR 3 [y

z€A (Z1,0, 23 )Y i=1

+ZK‘IO Z K‘I"y y”y) Z HKQ(Y;)]
y

yny {Zl,...,Zk}:yUyﬁy i=1

oT(C
=S R0 T O 4 TR ) 3 K, On)e T
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A similar calculation leads to

(3l = g, li)gr = [0 Ko@) e S O[S, (35, Z0n ™

zeA y Viy
(4.30)
We now compute the difference 7, and we find
ZK; - 20743;/ 37 (C)
_ ~ Yoy, ®T(O)
- > Koo(W)e 2o ™ (O K, o (Va,)e =0

V. Y4, :[Supp YUInt Y]N[Supp Yy, Ulnt Vi, |#0

_ ->c OT(C) [ Ye.opy and opy, ®T(C)
+ 3 Ky (V) e e O N K (g, ) e S T | efocmma s, T g
Vay Y
(4.31)

In the above equation, each term contains at least one winding contour, with length bigger
than or equal to $/3, and somehow connected to the site y (because (y,¢ = 0) is the support
of the operator n,) — in the expression of the last line, the connection is through clusters
intersecting both ) and Y ; note that a sum over clusters with a minimal length yields an
exponentially decreasing term with respect to that length [KP]. Tt is thus not hard to establish
that |n,| < e7@ for some constant a > 0.

Remark: one-dimensional systems. Winding contours have not necessarily connected sup-
ports. However, we artificially connect them with a path smaller than L, i.e. smaller than the
cardinality of the support, because M > L and | Supp Y,| > M. Then we can work with these
new contours as usual.

O
4.2. Proofs for the Bose-Hubbard model.

Proof of Theorem 1.1 i). Let us first establish the Peierls condition (2.8). The classical part
of the (two-dimensional) Bose-Hubbard Hamiltonian (1.2) — with chemical potential — may
be written as a potential over plaquettes of 4 sites,

PCA
where
Hp(np) = Z (UonZ — Upny — png) + 31U, Z ngny + Us Z Ny Ny (4.33)

rEP z,yeP T, yeP
|z—y|=1 |z—y|=v2

With n an integer we introduce new variables, n, = n + m,, and with Hp(n,mp) = Hp(np),
a straightforward calculation leads to

HP(na mP) - Cn + Z i(Uﬂmi - Uﬂmx - ﬂnmz) + %Ul Z mzmy + U2 Z mxmy;
zEP r,yeP T,yeP
oy =1 lo—yl=v3
(4.34)

where we defined C,, = TUp(n* — n) — tun + 4n*(U; + U,), and
Mp = U — (2U0 + 8U1 + SUQ)R (435)

In the following, we show that, for a given n,
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a) if w, € [—2Uj, 0], mp = (
b) if pn, € [0,8Us], mp = (}
)
)

09) minimizes Hp(n, mp),
9) (and the three obtained by rotation) minimizes Hp(n, mp),
¢) if i, € [8Us, 801, mp = (§9) (and the other obtained by rotation) minimizes Hp(n, mp),
d) if p, € [8U1,8U; + 80k, mp = (}{) (and the three obtained by rotation) minimizes
HP(TL, mp) .
Clearly, from this and (4.35) we obtain the classical ground states for all ;1 > 0 [and in the
case i < 0, we see immediately in (4.33) that n, = 0, for any x, minimizes Hp(np)].
For the point a), let us introduce a such that u, = —2Uy(a + 1); it is easy to check that

Hp(n,mp) = C, + (3Up — Uy = Us) Z(mx +a)?

zeP
+ U, Z (my 4+ my, + a)® + Uy Z (me +my, +a)®, (4.36)
T,yepP z,yEeP
lz—y|=1 lz—y|=v2

and this is minimum for m, = 0, for any = € P, when a € [—3, 1], i.e. u, € [—2Up,0].
Moreover, we obtain a Peierls condition if p,, # —2Uj, 0.

Point ¢) is similar; we define a such that i/‘n = Uy + Us — 2a(U; — Uy); in this case

HP(TL, mP) = Crlz, + (iUg - U1 + UQ) Z(mx - %)2

zeP
+ (AU — 1) Z (my +my —1+a)*+ UQ(Z my — 2+ a)Z. (4.37)
|Iay€|P zeP
z—y|=1

(89) is ground state when a € [—3, 1], i.e. u, € [8U,,8U4] (recall that U; > 2U,). The Peierls
condition is also straightforward.

Finally, we show that () is ground state for p, € [0,805] and (!5) for u, € [-2U, —
8U,, —2Up|. With € = +1 in the first case and £ = —1 in the second case, we have

HP(TL, mP) = Cz + (iUg - U1 + UQ) Z(WLQC - %6)2

z€EP
+ (301 — 1) Z (my +my — 3)* + Us (Z m, —e+a)’ (4.38)
|Iay€|P zeP
rz—y|=1

where @ = £ — p,,/8U, in the first case, and @ = —1 — (uu, + 2Up) /805 in the second case; the

condition a € [—1, ] yields the intervals for s,.

Theorem 1.1 i) is then a special case of Theorem 2.3.
O

For parts ii) and iii) we use Theorem 2.1. The splitting condition may be fulfilled by
adding “external fields” with projectors onto classical ground configurations, see the paragraph
introducing the proof of Theorem 2.3.

Proof of Theorem 1.1 ii). From Theorem 2.2,

aTa = L aTa = L aTa — aT a
< T y>per Q(p') ;( T y>q Q(p') ;[( T y>q < x>Q< y>‘]]7 (439)

since {(a}), = (a,), = 0. The conclusion is immediate by Theorem 2.1 iii) — al, and a, are
indeed moderately off-diagonal, see (2.18). O
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Proof of Theorem 1.1 iii). From the definition of the structure factor

1 . R N ik(x— AR N N
> M adaalinua+ 3 O (s = (daslin)as)|

[A]?
z,yeEA z,yeA

1 (o . 1 L ) )
> AP Z ) () A (R >q,A‘ TTAPR Z oik(z-y) ((nzny>q,1\ - (nx>q,,\<ny>q,,\> ‘ (4.40)
myeh z,yeA

[S(R)| =

Using Theorem 2.1 iii) we easely find the following bound for the last term
1 const G
AlT— et 7 A

with const depending only on the dimension d. Therefore
1 I
B2 |7 D0 o (g
| |xEA

and it is sufficient to show that the Fourier transform of (n,), is bigger than a constant
independent of the lattice.

1 ikr /A 1kx A q
A1 3 IS ot -

From Cauchy-Schwarz inequality

G

A (4.41)

Dolan|.  (442)

(AB) < (4%)2(B)2

for any symmetric operators A, B whose domains contain B,. Then

1 ikx /» 1 ikx 1 _
m‘z e (fiz)gn| 2 W‘Z W —— 3 nan] P, 0 )|
TEA TEA

0A neBp
1
A2 Z
(@) (@)

Observing that in the sum over By, n, = g’ because of the action of the projector PU(I),

1 1
20| |((L= P aa| " (4.43)

and using Theorem 2.1 ii) and iv) for the second expression
1 ikx /5 1 ikz
W‘Z olk (fz)gn| = W‘Z olk gitJ)(p((]q()qu’A‘ —C, (4.44)
rEA rEA

where (5 is a constant as small as we may need if the temperature is sufficiently low and the
hopping perturbation small.

1 i ~ 1 i
W‘Z e ()0 n | = W‘Z ik (0] _
TEA TEA

and the proof is achieved since gg) is a chessboard type Conﬁguration and k = (7, ), and the

last sum is bounded by a small constant because of Theorem 2.1 iv).

Jaa = 1| = Co (4.45)

0
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