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Abstract: Aclass of guantum lattice modelsis considered, with Hamiltonians consisting

of a classical (diagonal) part and a small off-diagonal part (e.g. hopping terms). In some
cases when the classical part has an infinite degeneracy of ground states, the quantum
perturbation may stabilize some of them. The mechanism of this stabilization stems from
effective potential created by the quantum perturbation.

Conditions are found when this strategy can be rigorously controlled and the low
temperature phase diagram of the full quantum model can be proven to be a small
deformation of the zero temperature phase diagram of the classical part with the effective
potential added. As illustrations we discuss the asymmetric Hubbard model and the
Bose—Hubbard model.
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1. Introduction

Physics of a large number of quantum particles at equilibrium is very interesting and
difficult at the same time. Interesting, because it is treating such macroscopic phenom-
ena as magnetization, crystallisation, superfluidity or superconductivity. And difficult,
because their study has to combine Quantum Mechanics and Statistical Physics.

A natural approach is to decrease difficulties arising from this combination by starting
from only one aspect. Thus one can use only Quantum Mechanics and treat the particles
first as independent, trying next to add small interactions. In the present paper we are
concerned with the other approach. Namely, to start with a model treated by Classical
Statistical Physics, adding next a small quantum perturbation. Another simplification
is to consider lattice systems (going back to a physical justification for the modeling
process, we can invoke applications to condensed matter physics).

Quantum systems studied here have Hamiltonians consisting of two terms. The first
term is a classical interaction between particles; formally, this operator is “function” of
the position operators of the particles and it is diagonal with respect to the corresponding
basis in occupation numbers. The second termis an off-diagonal operator that we suppose
to be small with respect to the interaction. A typical example for this is a hopping matrix.

The aim ofthe paperisto show thatew effective interactiomppears thatis due to the
combination of the potential and the kinetic term. An explicit formula is computed, and
sufficient conditions are given in order that the low temperature behaviour is controlled
by the sum of the original diagonal interaction and the effective potential. To be more
precise, it is rigorously shown that the phase diagram of the original quantum model
is only a small perturbation of the phase diagram of a classical lattice model with the
effective interaction.

Thus, we will start by recalling some standard ideas of Classical Statistical Mechanics
of lattice systems. The Peierls argument for proving the occurrence of a first order phase
transition in the Ising model [Pei,Dob,Gri] marks the beginning of the perturbative
studies of the low temperature regimes of classical lattice models. Partition functions
and expectation values of observables may be expanded with respect to the excitations
on top of the ground states, interpreting the excitations in geometric teroommirs
These ideas and methods are referred to as the Pirogov—Sinai theory; they were first
introduced in [PS, Sin] and later further extended [Zah, BI,BS].

The intuitive picture is that a low temperature phase is essentially a ground state
configuration with small excitations. A phase is stable whenever it is unprobable to
install a large domain with another phase inside. For such an insertion one has to pay
on its boundary, it is excited (two phases are separated by excitations), but, on the other
side, one may gain on its volume if itsetastable free enerdits ground energy minus
the contribution of small thermal fluctuations) is smaller than the one of the external
phase. It is important to take into account the fluctuations since they can play a role
in determining which phase is dominant. A standard example here is the Blume-Capel
model with an external field slightly favouring the “+1” phase; at low temperatures, the
“0” phase may be still selected because it has more low energy excitations (theory of
such dominant states chosen by thermal fluctuations may be found in [BS]).
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The partition function of a quantum system Tr& may be expressed using the
Duhamel expansion (or Trotter formula), yielding a classical contour model in a space
with one more (continuous) dimension. If the corresponding classical model (the diag-
onal part only) has stable low temperature phases, and if the off-diagonal terms of the
Hamiltonian are small, the contours have low probability of occurrence and itis possible
to extend the Peierls argument to quantum models [Gin]. More generally, one can for-
mulate a “Quantum Pirogov—Sinai theory” [BKU1,DFF1], in order to establish that (i)
low temperature phases are very close to ground states of the diagonal interaction (more
precisely: the density matri% e #H s close to the projection operaty)(g| , where
|g) is the ground state of the diagonal interaction only) and (ii) low temperature phase
diagrams are small deformations of zero temperature phase diagrams of the interactions.

So far we have only discussed the case when the effect of the quantum perturbation
is small, and the features of the phases are due to the classical interaction between the
particles. It may happen, however, that the classical interaction alone is not sufficient to
choose the low temperature behaviour. This is the case in the two models we introduce
now and use later for illustration of our general approach.

e The asymmetric Hubbard model. It describes hopping spi%ﬂ particles on a lattice
A C Z". Abasis of its Hilbert space is indexed by classical configuratioadq0, 1,
1, 2}*, and the Hamiltonian

H=— Y > teclicye +UD negney — Y (neg +ne)  (1.1)
X

[x=yll2=lo=11 x

(the hopping parametes depends on the spin of the particle). In the atomic limit
t4 = t, = 0 the ground states are all the configurations with exactly one particle at
each site. The degeneracy equafs 2vhich means that it has nonvanishing residual
entropy at zero temperature. The cage# t, = 0 corresponds to the Falicov—
Kimball model (see [GMY]); in this case, spihelectrons behave as classical particles.
Here, we shall consider the strongly asymmetric Hubbard modelfwith 4 > 1, .

e The Bose—Hubbard model.We consider bosons moving on a lattise ¢ Z2.
They interact through on-site, nearest neighbour and next nearest neighbour repulsive
potentials. A basis of its Hilbert space is the set of all configuratioasN”*, and its
Hamiltonian:

H = —t Z aIay + Uo Z(n}zc — Hy)
lx—yll2=1 x
+ Uq Z nyny + Uz Z nxny—,uan.
Ix=yl2=1 Ix=yll2=v2 X
ForUg > 4U1 — 4U, andU1 > 2U», and if 0 < u < 8U», the ground states of the

potential part are those generated(8)), i.e. any configuration with alternatively a
ferromagnetic and an empty line is a ground state (and similarly in the other direction);

(1.2)

1
see Fig. 2 in Sect. 3. The degeneracy is of the ordéy'2 (if A isasquare), thereis
no residual entropy. Actually, we shall add to (1.2) a generalized hard-core condition
that prevents more thaM bosons to be present at the same site; this condition has
technical motivations, and does not change the physics of the model.

In these two situations, the smallest quantum fluctuations yield an effective interac-
tion, and this interaction stabilizes phases displaying long-range order (there is neither
superfluidity nor superconductivity).
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Beside of the low temperature Gibbs states, the effective potential may have an
influence in situations with interfaces; it has been shown in [DMN] that rigid 100 and
111 interfaces occur in the Falicov—Kimball model at low temperature.

In the case where classical and quantum particles are mixed in one model, like the
Falicov—Kimball model, a method using Peierls argument was proposed by Kennedy
and Lieb [KL]; it was extended in [LM] to situations that are not covered by the present
paper, namely to cases of such mixed systems with continuous classical variables.

Results very similar to ours have already been obtained by Datta, Fernandez, Fréhlich
and Rey-Bellet [DFFR]. Their approach is different, however. Starting from a Hamilto-
nianH() = H® + 1v, HO being a diagonal operator with infinitely many ground
states, and’ the quantum perturbation, the idea is to choose an antisymmetric matrix
S =28D +225@ in such a way that the operatai® (1) = e H(») e~ , expanded
with the help of Lie-Schwinger series, turns out to be diagonal, up to terms of order
23 or higher. If the diagonal part aff @ has a finite number of ground states and the
excitations cost strictly positive energy, it can be shown that the ground states are stable.
It is possible to include higher orders in this perturbation scheme (see [DFFRY]).

In fact, our first intention was to study the stability of the results of [BS] with respect
to a quantum perturbation, and we began the present study as a warm-up and the first
simple step towards this goal. This simple step turned out however to be rather involved.
Eventhough, atthe end, the paper contains results similar to that of [DFFR], we think that
the subjectis important enough to justify an alternative approach, and that there are some
advantages in an explicit formula for the effective potential and sufficient conditions for
it to control the low temperature behaviour that may be useful in explicit applications.

The intuitive background of this paper owes much to the work of Bricmont and Slawny
[BS] discussing the situation with infinite degeneracy of ground states, where only afinite
number of ground states is dominating as a result of thermal fluctuations, and to the paper
of Messager and Miracle-Solé [MM] which was useful to understand the structure of
the quantum fluctuations. Having expanded the partition function ## eusing the
Duhamel formula and having definediantum contouras excitations with respect to
a well chosen classical configuration, we identify the smallest quantum contours (that
we callloopg. Given a set of big quantum contours, we can replace the sum over sets
of loops by areffective interactiomcting on the quantum configurations without loops.
This effective interaction is long-range, but decays exponentially quickly with respect
to the distance. This allows, for a class of models, to have an explicit control on the
approximation given by the effective interaction allowing to prove rigorous statements
about the behaviour of original quantum model.

An important model that does not fall into the class of models we can treat is the
(symmetric) Hubbard model. Takgé = 1 and# = ¢, = ¢ in (1.1). Computing the
effective potential stemming from one transition of a particle to a neighbouring site and
back, we find an antiferromagnetic interaction of strengttOn the other hand, it is
possible to make two transitions as a result of which the spins of nearest neighbours are
interchanged,

e ny) = | 4. 1) = —cl jeypelient |1, 4).

It turns out that this brings the factof, which is of the same order as the strength of the
effective interaction. In this case we cannot ensure the stability of the phases selected
by the effective potential — we would need a stronger effective interaction. Otherwise
the system jumps easily from a configuration with one particle per site to another such
configuration, i.e. from a classical ground state to another classical ground state. We call
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guantum instabilityhis property of the system. In the Hubbard model itis a manifestation
of a continuous symmetry of the system, namely the rotation invariance.

In Sect. 2 the ideas discussed above are introduced with precise definitions. The
effective potential is written down in Sect. 2.2 — actually, we restrict here to lowest
orders; the general formula is not that pleasant, and is therefore hidden in the appendix.
The results of the paper are summarized in Theorems 2.2 (a characterization of stable
pure phases) and 2.3 (the structure of the phase diagram); experts will recognize standard
formulations of Pirogov—Sinai theory. Taking into account that our aim is to describe
in a rigorous way the behaviour of a quantum system, some care must be given to
the introduction of stable phases. We define them with the help of an external field
perturbation of the state constructed with periodic boundary conditions. In Sect. 3 we
apply the results to our two illustrative examples. The rest of the paper is devoted to the
construction of a contour representation (Sect. 4), the proof of the exponential decay of
the weights of the contours (Sect. 5), and, finally, the proofs of our claims with the help
of contour expansions of the expectation values of local observables and the standard
Pirogov—Sinai theory (Sect. 6).

Let us end this introduction by noting that given a model which enters our setting, it
is not a straightforward task to apply our theorems. One still has to separate the correct
leading orders that determine the behaviour of effective interaction. This situation has
the utmost advantage that it should bring much more pleasure to users, since the most
interesting part of the job remains to be done — to get intuition and to understand how
the system behaves.

2. Assumptions and Statements

2.1. Classical Hamiltonian with quantum perturbatiobet Z", v > 2, be the hyper-
cubic lattice. We us¢x — y| := |lx — y|loo to denote the distance between two sites
x,y € Z'. Qs the finite state space of the system at site 0, |2] = S < oo. Our
standard setting will be to consider the system on a finite tarus (Z/L7Z)" (i.e.a
finite hypercube with periodic boundary conditions). With a slight abuse of notation
we identify A with a subset ofZ" and always assume that it is sufficiently large (to
surpass the range of considered finite range interactiondagsical configuratiom 5
(occasionally we suppress the index and denat@ i an element of2”. If A C A,

the restriction ofi, to A is also denoted by 4. H 5 is the (finite-dimensional) Hilbert
space spanned by the classical configurations, i.e. the set of vectors

V) =) an, Ina), an, €C,
nAa

with the scalar product

/ * !
(v|v') = ZanAanA.
na

Given two configurationg 4 € Q4 andn’,, € QA" with AN A’ = ¢, itis convenient

to definenAn/A, € QAYA" to be the configuration coinciding withy on A and Withn’A,
onA’.

The Hamiltonian is a sum of two term&, = Vj + T . The former is the quantum
equivalent of a classical interaction, the latter is the quantum perturbation — the notation
was chosen such because we have in mind models wheepresents the potential
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energy of quantum particles, that is diagonal in the basis of occupation number operators,
and T represents the kinetic energy. It helps considerably to assumé/thét the
guantum equivalent of a classical “block interaction”, that is, an interaction that has
support on blocks of a given size#t. More precisely, leRg € %N be the range of the
interaction, and/p(x) be theRg-neighbourhood of € Z":

{yeZ:|y—x| < Ro) if Rop e N

U = .
o) (yeZ':|y—(x1+ % co Xyt %)I < Rp} otherwise.

2.1)

WhenRy is half-integerUp(x) is a block of integer sizeRy x - - - x 2Rg whose center
is at distanc% of x. Then we assume the following structure §oy.

Assumption 1 (Classical Hamiltonian).There exists a classical periodic block inter-
action ® of rangeRy (i.e. a collection of function®, : QU™ — R U {00}, x € Z")
and period¢g such that

Valna) =Y ®c(nyee) Ina);

xeA
for any torusA C Z of sideL that is a multiple ofp and anyn, € Q4.

Let us suppose that a fixed collection of reference local configuratiyis) C
QYo is given, for all sites oV Let G4 = {ga € Q* : guow) € Go(x) for all Up(x)
C A}, A C Z',andG = Gypv. Finally, we set

A = UygnaznUo = {y : dist(y, A) < 2Ro}. (2.2)

We assume that the local energy gap of excitations is uniformly bounded from below,
while the spread of local energies of reference states is not too big (Fig. 1):

Go(x) QYo \ Go(x)

—00-000————————————— 0000000000 >
Dy (n Uo(x))

3o Ag

Fig. 1. lllustration for Assumption 2. The image dfy decomposes into two sets separated by aggphe
spread of the set of small values is boundeddy

Assumption 2 (Energy gap for classical excitations)There exist constantdg > 0
anddg < oo such that:

e Foranyx € Z¥ and anynyqyx) ¢ Go(x), one has the lower bound

O, (nyg) —  mMax  D(guow)) = Ao, (2.3)
8U(x) €Go(x)

1 In some situationg5g(x) is simply the set of all ground configurations @f,. When discussing the
full phase diagram, however, we will typically extend the interactignto a class of interactions by adding
certain “external fields”. The s€tg(x) then will actually play the role of ground states of the interaction with
a particular value of external fields (the point of maximal coexistence of ground state phase diagram).



Effective Interactions Due to Quantum Fluctuations 295

e and,

max |2 (8Uo(r) — P (&Lp(xy)| < o (2.4)
8Up() 8o (r) EGO

For later purpose, we note the following consequence of Assumption 2.

Property. Let @ satisfy Assumption Z& be such thaiR” < Ag/8p, andA C Z" with
diamA < R. Then any pair of configurationg, € G4 andny ¢ G 4 satisfies the lower
bound

Z I:q)x (”Uo(x)) - cID)C(gUo(x))iI P R_UAO- (2-5)
x,Up(x)CA

Proof. Sinceny ¢ G4, there exists at least one sikeUp(x) C A such thatiy,) ¢
Go(x). From the assumption, this implies that

Z [‘Dx(nUo(x)) — (Dx(gUo(x)):I > Ao — Z 0.

x,Up(x)CA YEA,y#x
Using|A| < RY, we obtain the property.0

The quantum perturbatioi, is supposed to be a periodic quantum interaction.
Namely, T is a sum of local operatorsa, Ta = Y 5 Ta, WhereTa has support
suppA = A C A andA is, in general, a paifA, «), where the indext specifiesTa
from a possible finite set of operators with the same support. We found it useful to label
guantum interactionga not only by the interaction domaif, but also, say, by quantum
numbers of participating creation and annihilation operators. Thus, for example, the term
A might, in the case of the Hubbard model, be a paix, y >, 1) corresponding to the

operatorTa = cI’Tcy,T. We refer toA as aquantum transition

Assumption 3 (Quantum perturbations).The collection of operatorga is supposed
to be periodic with periodéo, with respect to the translationssippA. The interactions
Ta are assumed to satisfy the following condition, for fermions or bosons, respectively:

e (Fermions)Ty is a finite sum of even monomials in creation and annihilation oper-
ators of fermionic particles at a given site, i.e.
— F e v gDt t
Ta = Z T ({xi,0i, ), aj})cn’g1 e Cx o Cyne] -yl

(xl,ol/),..-, (Xkacfc)
(1,00)-5(ye,07)

with x;, y; € A ando;, o/ are the internal degrees of freedom, such as spins)

is a complex numbek + ¢ must be an even number. The creation and annihilation
operators satisfy the anticommutation relations

)
{el it =0, Hcrorcyo} =0, (el ey 0} =008000

2 By taking the least common multiple, we can always suppose the same periodiditafiaiT . Moreover,
whenever a torug is considered, we suppose that its side is a multipléof
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e (Spins or bosons) The matrix element
(nal Ta n'y)
iS zero whenevet\ 4 # n’A\A and otherwise it depends any, andn’, only.

In both cased is supposed to have an exponential decay with respect to its support:
defining|| T || to be

]l/'A', (2.6)

ITI = sup [ max |G}l Talna)l
A ACZVLna.n eQA

we assume thatT' || < oo.

When stating our theorems, we shall actually suppd@seto be sufficiently small.
Notice also that we do not assume tffidgs of finite range, the exponential decay suffices.

2.2. The effective potentialn this section we define the effective potential that results
from quantum fluctuations. It is due to a succession of “quantum transitions”, that is, it
involves terms of the formg| Ta |n). What are the sequenceésy, ..., Ay) to take into
account? There is no general answer to this question, it depends on the model and on the
properties of the phases under observation. In the case where the Hamiltonian is of the
form V 4+ AT, A being a perturbation parameter, one could restrict to all sequences that
contain less than, say, 4 transitions (or 2, or 17...). But we can also consider models with
more than one parameter. Let us say that the choice of the suitable sequence requires
some physical intuition.

The procedure is the following. First we guess adisif sequences of quantum tran-
sitions, and we apply the formulee (2.8)—(2.10) below to compute the effective potential.
Then we must answer positively two questions:

e DoessS contains all the quantum transitions that actually play a role?
e Are other quantum effects negligible?

The mathematical formulation of these conditions is the subject of Assumptions 5 and 6
below. Notice that there is some freedom in the choic&ohdeed, it is harmless to
include more transitions than what is necessary. Simply, it decreases the number of
computations to guess the minimal set_et us now state the formulee for the effective
potential.

Equations are rather simple in the case wh&reontains sequences of no more
than 4 transitions; we restrict to that situation in this section, and postpone the general
expression, that is quite involved, to the appendix.

Let us decomposs = S@ U S® U S@, with S® denoting the list of sequences
with exactlyk transitions, and write

=04 gO® 4 g®, (2.7)

Herew ® is the contribution to the effective potential due to the fluctuations 5t
Let

Pana; ga) = Z [‘Dx(nuo(x)) - q’x(gUo(x))].
x,Up(x)CA
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Then, for any connected C Z* andgs € G 4, we define

2 (gal Tay InaY(nal Ta, |ga)
ven=- Y > e 2.8)
AL ADeS® 1Ag0 a(ma; ga
A1UA>=A
(84l Tay Ina)(nal Ta, 0’y )(n's| Tag 184)
\IJI(43)(8A)=_ Z Z 1 2 A A 3 .

na; n'y;
(A As A S nadGa Pa(na; ga)pa(ny; ga)

A1UAUA3=A
(2.9)

The expression fo¥ ¥ becomes more complicated (we shall see in Sect. 4 that clusters
of excitations are actually occurring here),

y\
WP (ga) =

. Z Z (g4l Taq Ina)(nal Tay In') (W' Tag Iny)(n's| Tay 1g4)
" Iy Ganaiga)pan’y;ga)pa(n’yiga)

(Al,A_z,Ag_,A4)_€ NAN L, A

A1UAUA3UA4=A

1 Z <gA|TA1|nA><nA|TA2\gA><gA|TA3|n;><n’A|TA4\gA>’ 1 1 }2
Palnaiga) ' pa(n’yiga) ’

da(nasga)+oa(n’y;g4)
npnyéGa

(2.10)

Property (2.5) implies that all the denominators are strictly positive.

These equations simplify further #s is a monomial in creation and annihilation
operators; indeed in the sums over intermediate configurations only one element has to
be taken into account.

Notice, finally, that the diagonal terms Thare not playing any role in the previous
definitions; we consider that they are small, since otherwise we would have included
them into the diagonal potential.

2.3. Stability of the dominant state¥he aim of rewriting a class of quantum transitions

in terms of the effective potential was to get control over stable low temperature phases.
To this end, the three conditions, expressed first only vaguely and then in precise terms
in the following Assumptions 4, 5, and 6, must be met. Namely, we suppose that

e the Hamiltonian corresponding to the subn+ W of the classical (diagonal) and
effective interactions has a finite number of ground configurations, and its excitations
have strictly positive energy;
the listS contains all the lowest quantum fluctuations;

o there is no “quantum instability”; the transition probability from a “ground stgte”
to another “ground stated’ is small compared to the energy cost of the excitations.

3 Again, when exploring a region of phase diagram at once, we have a fixed finite set of reference config-
urations that, strictly speaking, turn out to be ground configurations of the corresponding Hamiltonian for a
particular value of “external fields”. See below for a more detailed formulation.
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Each component of the effective interactidn is a mappingG 4 — R; let us first
extend it toQ4 — R by puttingW(ns) = 0if ns ¢ G 4. To give a precise meaning to
the first condition, we suppose that a finite hnumber of periodic reference configurations
D c G is given such that the interactioh + W satisfies the Peierls condition with
respect toD. We choose a formulation in which it is very easy to verify the condition
and, in addition, it takes into account the fact that the configurations fpoare not
necessarily translation invariant. Namely, we will formulate the condition in terms of a
block potentialY that is equivalent t@ + W and is chosen in a suitable way. Of course,
in many particular cases this is not necessary and the condition as stated below is valid
directly for ® 4+ W. However, in several important cases treated in Sect. 3, the interaction
® + W turns out not to be the so-called-potential and the use of the equivalemnt
potentialY not only simplifies the formulation of the Peierls condition, but also makes
the task of its verification much easier.

We will consider the interactions and¢ to beequivalent if, for any finite torusA
and any configuration € Q#, one has

D eana) = Y pana).

ACAPeT ACAPer

Assumption 4 (Peierls condition).There exist a finite set of periodic configurations
D C G with the smallest common peridch, a constantA such thatA > |T||* for
some finite constart, and a periodic block interactioir = {7} (with period{p) that

is equivalent tad + W such that the following conditions are satisfied. The interaction
T is of a finite rangé R € 3N such that

R" < Ao/é0,

with the constantdy and Ag determined by the interactiah in Assumption 2. We denote
by U (x) the R-neighbourhood of. The valueY, (dy (y)) is supposed to be translation
invariant with respect ta for anyd € D, and the interactionr satisfies the following
conditions:

e Foranyx € A and anyn withny,x) ¢ Guyx), One has

Yx(nu) — ?e%XTx(gU(x)) > %AO

e Foranyx € A and anyn withny ) ¢ Dy(x), One has
Yy (nyy) —MiN Yy (dy)) = A.
deD

The following assumption is a condition demanding that theSlishould contain all
transitions that are relevant for the effective potential. For this, we evaluate the diagonal

4 The usual notion of (physically) equivalent interactions (see [Geo, EFS]) is slightly weaker, but we will
not need it here.

5 We will suppose, taking large if necessary, that it is larger or equal to the rageof @, as well as to
half of the range of the effective interactidnand toL.
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terms arising from any sequence of transitions theats notappear inS; it will have to
be small compared to the Peierls constantVe define

M(Ta,, ..., Ta,) = max max  |(gal Ta, In%) (k| Ta, In3) . ..
84€Gant  nk=1¢G (2.11)

5T T Lg ),
.-
whereA = U;_,A;.

Assumption 5 (Completeness of the set of quantum transitionsJhere exists a finite

numbere; such that for any sequencd, ..., A,) ¢ S with connected)!” ; A; one
has

m(Ta,, ..., TAkl)m(TAk1+1’ R TAkz) . m(TAkn71+1’ ..., Ta,) < e1A.

In general, it is not true that the main effect of quantum fluctuations results in a
diagonal effective interaction. A sufficient condition for this to occur is that all possible
transitions betweedifferentconfigurations andg’ have small contribution compared
to A.

Assumption 6 (Absence of quantum instability) There exists a finite numbes such
that for any sequencéis, ..., Ay), and anyga, gy € Ga (A = UJ_1A)), g4 # &4,
one has

(8al Tay ... Ta,, 18})| < €2A.

When formulating our theorems, we shall suppose thande, are small, more
precisely: smaller than a constant that does not deperfd on

2.4. Characterization of stable phaselotice first that the specific energy per lattice
site of the configuratiod € D, defined by

e(d) = lim i

AJZY |A| Z [CDA(dA) + \IIA(dA)L (212)

ACA

is equal, according to Assumption 4,1q (dy (r)) (whose value does not dependon

Ouir first result concerns the existence of the thermodynamic limit for the state under
periodic boundary conditions. Takirlg, to be the smallest common period of periodic
configurations fronD, we always consider in the following the limit over tati / Z¥
whose sides are multiples af and¢g.

Theorem 2.1 (Thermodynamic limit). Suppose that the Assumptions 1-6 are satisfied.
There exist constantg > 0 (independent of") and 8o = Bo(A) such that the limit

per . TrKe PHa

(K)p A zZe Tr e BHa

(2.13)

exists whenevery, g2, ||T|| < go in Assumptions 5 and @ > Bo, and K is a local
observablé

6 A local observable, here, is a finite sumesfenmonomials in creation and annihilation operators, in the
case of fermion systems.
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Notice the logic of constants in the theorem above (as well as in the remaining two
theorems stated below). The constagis given by the context (lattice, phase space,
range and periodicity of the model, add but does not depend dh). Then, for any
T such that| T || and boths; ande2 are smaller thamg one can choosgp (depending
on A that is determined in terms @f through the effective potential) such that the
claim is valid for the giverT” and anyg > Bo(A). With ||T| — 0 we may have to go
to lower temperatures (high@) to keep the control. Of course, i does not vanish
with vanishing|| 7| (i.e. Assumption 4 is valid fo> alone) as was the case in [BKU1,
DFF1], one can choose the constggtuniformly in || T'||.

If there are coexisting phases for a given temperature and Hamiltonian, the>§%{te
will actually turn out to be a linear combination of several pure states. A standard way
how to select such a pure state is to consider a thermodynamic limit with a suitably
chosen fixed boundary condition. In many situations to which the present theory should
apply, this approach is not easy to implement. The classical part of the Hamiltonian
might actually consist only of on-site terms and to make the system “feel” the boundary,
the truly quantum terms must be used. One possibility is, of course, to couple the system
with the boundary with the help of the effective potential. The problem here is, however,
that since we are interested in a genuine quantum model, we would have to introduce
the effective potential directly in the finite volume quantum state. Expanding this state,
in a similar manner as it will be done in the next section, we would actually obtain a
new, boundary dependent effective potential. One can imagine that it would be possible
to cancel the respective terms by assuming that the boundary potential satisfies certain
“renormalizing self-consistency conditions”. However, the details of such an approach
remain to be clarified.

Here we have chosen another approach. Namely, we construct the pure states by limits
of states(.);ba PEr defined by (2.13) witlH, = V> + T,, whered® is a perturbation
of the interaction® suitably chosen in such a way that one approaches the coexistence
point from the one-phase region. Consider g, the space of all periodic interactions
of rangeR,. We say that a state);gper, ¢ € Fro, is thermodynamically stabl it is
insensitive to small perturbations:

(K)§ P = lim (K)o Per (2.14)
a—0

for everyy € Fg, and every local observablg. We define now a stat(a); to be
a pure state(with classical potentiatb and quantum interactiol®’) if there exists a
function (0, ag) > @ — ®* € Fg, so that lim,_o; * = @, the states{-);;> Per are
thermodynamically stable, and

D per

(K = lim (K); (2.15)

for every local observabl& .

Theorem 2.2 (Pure lowtemperature phasesWnder Assumptions 1-6 and for any-

0, there exisktg > 0 (independent of’) and By = Bo(A) such that ifs1, e2, || T < &0
andB > o, there exists for every € D a function f#(d) such that the sep = {d ¢

D; Re f#(d) = mingcp Re f#(d’)} characterizes the set of pure phases. Namely, for
anyd € Q:
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a) The functionf? (d) is equal to the free energy of the system, i.e.

1 . 1
fPd)y=-= lim —logTr e PHr
B Az A

b) There exists a pure state)‘é. Moreover, it is close to the state, ) in the sense that
for any bounded local observablké and any sufficiently largé, one has

(K)§ — (dn| K Id)| < I suppK [IK |

wheresuppK is the support of the operatdr.
c) Thereis exponential decay of correlations in the sta)tge, i.e. there exists a constant

&4 > 0'such that

/ / —di 7 d

(KK')4 — (KY§(K")S| < | suppK || suppK'[[| K ||[| K'|| e~ HSt(SuPPK.suppk?)/&
for any bounded local observablé&and K'.

d) The state{-)Ee'is alinear combination of the stat¢g%, d € Q, with equal weights,

1
(K)p = G (K)

deQ

for each local observabl& .

2.5. Phase diagramWe now turn to the phase diagram at low temperaturesr lbet
the number of dominant states, i-e= | D|. To be able to investigate the phase diagram,
we suppose that— 1 suitable “external fields” are added to the Hamiltontgn. Or, in
other words, we suppose that the classical potedtatd quantum interactioh depend
on a vector parameter = (i1, ..., ur—1) € U, wherel{ is an open set dR"~1. The
dependence should be such that the paramgtegsnove the degeneraon the setD
of dominant states. One way to formulate this condition is to assume a nonsingularity
of the matrix of derivativeiw)

au;i J°
Assumption 7. The potentiatb and the quantum perturbatidh are differentiable with
respect tau and there exists a constaM < oo such that

max
neQ?’

d
8_mq)x(nUo(x))‘ <M

forall x € Z¥, and

r—1
oT
1T + H— <M

forall w e U.
Further, there exists a pointg € & such that

e"o(d) = eMo(d) forall d,d’ e D,
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and the inverse of the matrix of derivatives

d
e CACHE ”<dr)>
<3Mz‘[e e ] 1<ij<r-1

has a uniform bound for ajl € U.

Notice that if for somed € D one hase(d) = e* := mingcpe”(d’), then,
according to the Peierls condition (Assumption 4), the configuratios actually a
ground state ofr. Thus, the assumption above implies that the zero temperature phase
diagram has a regular structure: there exists a paint U/ where all energieg°(d)
are equaleto(d) = e*9, r lines ending inuo with » — 1 ground state%r(r — 1) two-
dimensional surfaces whose boundaries are the lines above with ground states,

., r open(r — 1)-dimensional domains with only one ground state. Denoting the
(r — | @])-dimensional manifolds corresponding to the coexistence of a giveh setD
of ground states by

M*(Q) = {u € U; Reel(d) = minRee!(d') if d € Q, and
d'eD
(2.16)
Ree(d) > minRee"(d) if d ¢ Q},
d'eD

we can summarize the above structure by saying that the colléetien {Dt*(Q)}ocp
determines aegular phase diagramNotice, in particular, thalp-pI*(Q) = U,
M (Q)NMT*(Q') = Pwhenevel) # Q', while forthe closureﬁ*(g)ﬂﬁ*(Q/) =
M (Q U Q). Here we seti (@) = 7.

The statement of the following theorem is that the similar collectfdn =
{M(Q)}ocp of manifolds corresponding to existence of corresponding stable pure
phases for the full model is also a regular phase diagram and differs only slightly from
P*. To measure the distance of two manifofiis andt’, we introduce the Hausdorff
distance

disty (M, M) = max( sup dist(u, M), sup dist(u, M)).
HeEM nem’

Theorem 2.3 (Low temperature phase diagram)Under Assumptions 1-7 there exist
g0 > 0and By = fo(A) such that if| 7| + X727 ;%= TIl < eo, e1, e2 < £o, and

B > Po, there exists a collection of manifol@® = {imﬂ(Q)}ch such that

(@) The collectiorP? determines a regular phase diagram;

(b) If 1 € MP(Q), the corresponding stable pure statéé exists for everyl € Q and
satisfies the properties b), ¢), and d), from Theorem 2.2;

(c) The Hausdorff distanodisty between the manifolds & and their correspondent
in P* is bounded,

r—=1
. oT
dist (97 (Q), M*(Q)) < 0(e7? + 7| +ZH o
i=1 !

forall 9 c D.
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The proofs of these theorems are given in the rest of the paper. Expansions of the
partition function and expectation values of local observables are constructed, and in-
terpreted as contours of a classical model in one additional dimension. Then we show
that the assumptions for using the standard Pirogov—Sinai theory are fulfilled, and, with
some special care to be taken due to our definition of stability, the validity of the three
theorems follows.

3. Examples

3.1. The asymmetric Hubbard modéihe usual Hubbard model describes séiferm—
ions on a lattice, interacting with an on-site repulsion. The kinetic energy of the particles
is modelled by a hopping operator. There are many interesting questions with this model,
much less rigorous results; see [Lieb] for a review.

It is natural to think of the model as describinge kind of particles, that can be
in two different states because of their spins. But since the Hamiltonian conserves the
total magnetization, we can adopt a different point of view, namely to imagine having
two different kinds of particles, the¢ and| ones; each kind of particle obeys the Pauli
exclusion principle which prevents them from being at the same site. Whenever two
particles of different kinds are at the same site, there is an energy dst of

The natural phase space is the Fock space of antisymmetric wave functigns on
It is isomorphic toH  if we take for the state space = {0, 1, |, 2}. Particles with
different spins being different, it becomes natural to consider that they have different
masses, hence different hopping coefficients. The Hamiltonian is written in (1.1). If we
setr; = 0, we obtain the Falicov—Kimball model [GM]; in the following, we consider
the situatiorr, « 74 < U (strongly asymmetric Hubbard model). This model has for
classical interaction

0 ifn, =0
Dy(ny) =1 —u if ny =1 orn, =| (3.2)
U-2u ifny,=2

(Ro = 0). We choose the chemical potential such that < U. The seiG is here the
set of ground states @, i.e.

G=1{neQ? :n.=t orn, =] foranyx e Z'}.

Assumption 2 holds witlAg = min(u, U — 1) andép = 0.
The quantum perturbation is defined to be

tTClTCyT if A=(<x,y>,1)

A = (3.2)

’lclfyi ifA=(<x,y>, )’

and we always hava = {x, y} for a pair of nearest neighboutsy € Z". |T| = |t¢|%

(f 11y > I1y]). ) o
The sequenc§ of transitions that we consider is

S={AA):A=(<x,y> 1 andA = (<y, x>, 1)
for somex,y € Z", |x — y|l2 = 1}.



304 R. Kotecky, D. Ueltschi

The effective potential is given by Eq. (2.8). For any € Z", nearest neighbours,
any configuratiom such that|n) = CITC.VT lg), g € G, has an increase of energy of

Pix,y) (Mix,y)s 8lx,yy) = U

Furthermore we have

t T t t
(gtxyil expCyreypent 81y + (8lx il €ypCxrcrgeyt 181x,31)
_ {1 it g,y € (1, 1), (1, D) (3.3)

0 otherwise.
Therefore

~2/U if gy € (1 D), (L D)

Wi @) =1 1 boy = B e 3.4

(r) (8l.) :0 otherwise. (34)

This interaction is nearest-neighbour and can be inscribed in blogks 2x 2. We
takeR = % and choose for the physically equivalent interacfion

1
Ye(e) = @atr) + 57 Y, V(). (3.5)
{y.z}cUx)

The setD has two elements, namely the two chessboard configuratiéhandd @ ;
if (—=1)* = [[}_1(—=D",

d® = {T f=Dt=1 o _ |t TED =1
! Joif(=pF=-1" " (=D =1

To find the Peierls constant of Assumption 4, let us make the following observation.
Consideracube® --- x 2inZ", that we denot€, and a configuration¢ on it. First,
only configurations with one particle per site need to be taken into account, the others
having an increase of energy of the orderlf nc € G¢, then all edges of the cubes are
either ferromagnetic, or antiferromagnetic. If a spin at a site is flipped, then exactly
edges are changing of state. Since any configuration can be created by starting from the
chessboard one, and flipping the spins at some sites, we see that the minimum number
of ferromagnetic edges, for configurations that are not chessboardT s leads to

2

A=

The maximum of the expression in Assumption 5 is equal to(njatg‘). The constant

¢1 can be chosen to bé”_vi max(tf/z%, z%). For Assumption 6 the expression has

. _ 2v—1U .
maximum equal tdr; 74| and we can take, = [z, /#4| (we cannot suppose this

to be very small in the symmetric Hubbard model; the effective potential is not strong
enough in order to forbid the model to jump from ané& anotherg’).

Our results for the asymmetric Hubbard model can be stated in the following theorem
(see also [KL,DFF2]):

Theorem 3.1 (Chessboard phases in asymmetric Hubbard modelConsider the
lattice Z", v > 2, and suppos® < u < U. Then for anys > 0, there exist,« > 0
and Bo(ty) < oo (limg, 0 Bo(ry) = oo) such that ifizy| < 7, |2 | < aft4], andp > Bo,
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o the free energy exists in the thermodynamic limit with periodic boundary conditions,
as well as expectation values of observables.

e There are two pure periodic phase{s)(l) and (- )(2) with exponential decay of cor-
relations.
e One of these pure phases,ﬁ ,is a small deformation of the chessboard state"):

<8 if (=) =1
>1—3iu—nx2_

w|=1-6 if (1=

(€8}
(I’lx?>ﬂ < P if (—l)x - _1 ( xi)

2
>()

The other pure phasé,) ', is a small deformation ofd ).

To construct the two pure phases, one way is to consider the Hamiltonian

Hy(h) = Hp —h Y (=1 (nxp — nyy).

xeA
Then
G = lim ()R
" () = lim () F%n),
B hso-
where(- )per(h) is defined by (2.13) with Hamiltoniafi; ().

3.2. The Bose—Hubbard modéThis model was introduced by Fishet al. [FWGF]
and may describ&He absorbed in porous media, or Cooper pairs in superconductors,

. Itis extremely simple, but has very interesting phase diagram with insulating and
superfluid domains [FWGF]. Rigorous results mainly concern the insulating phases;
when the classical model [(1.2) with = 0] has a finite humber of ground states,
existence of Gibbs states that are close to projection operators onto the classical ground
states can be proven for smaknd large8; moreover, the compressibility vanishes in
the ground states of the quantum model [BKUZ2].

If Ug = o0, U1 = Uz = 0 andu = 0, we obtain a model of hard-core bosons; the
reflection positivity technique [DLS] shows that the model has off-diagonal long-range
order at low enough temperature, hence has superfluid behaviour.

On-site repulsion/g discourages too high occupancy of sites, so it is physically
harmless to introduce a generalized hard-core constraint, namely that there cannot be
more thanN bosons at the same site. As a consequence the local state space is
{0,1,2,..., N}and is finite.

We restrict our discussion to the two-dimensional case. The rRpgeequal to%,
and the classical interaction is

Dy (nyp()) = 711 Z (UOH)ZC — Upgny — puny) +
y€eUo(x)

+%U1 Z nyn; + Uz Z nyn;. (3.6)

v,z€Up(x) v,zeUp(x)
ly—zl2=1 ly—zll2=v2
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Remark that we have [BKUZ2]

Dy (nug) = (U0 — U1+ U2) > (ny— 3%+ (U1 — 3U2)

yeUo(x)

Z (ny+n; — %)2+U2( Z ny —3— L)2+C S
v,z€Up(x) yeUo(x)
ly—zll2=1
with a constanC independent of. When the chemical potential satisfiesQu < 8U>,
D (nyg(x)) is Minimum if gy = (82) = (339), or any configuration obtained from
(22) by rotation. Hence we define

Go) = {(83). (38): (56): (€3)}

for anyx € Z". Here,G is the set of ground states of the interactibnso thatsg =
0. Since®, (nyy(x) — Px(8uor)) = zMin(u, 8Uz — w), for any nyey ¢ Gugw),
8Uot) € Gup(x), Assumption 2 holds witihg = 3 min(u, 8U» — ) (the factor s,
rather thar%, has been chosen in view of Assumption 4, see below).

[ O NON NON NON ] [ O NON NON NON ) [ O NON NON NON )
OO0OO0OO0OO0OO0O00OO0 OO0OO0OO0OO0OO0OO0O0OO0 OO0OO0OO0O0OO0O00OO0
cCeOCeOeO eo [ O NON NON NON ) (O NON NoN NON Nel
OO0OO0OO0OO0OO0O00OO0 OO0OO0OO0O0O0OO0O0O0 OO0OO0OO0O0OO0OO00OO0
[ ON NON NON JNON ] [ NON NON NON O J [ NN NON NON NON J
OCO0OO0OO0OO0OO0OO0OO0 [ONCHONONONONCNONGC [ONCRONONONCNONONE
[ ON NON NON JNON ] [ NON NON NON O J CeOCeOe®@OeO
OCO0OO0OO0OO0OO0OO0OO0 [ONCHONONONONONONC [ONCRONONONCNONONE
CeOeOCe®@OeO [ NON NON NON O J [ NON NON NON NON J

—
Q
=

(b)

Fig. 2. Configurations that minimize the diagonal interactia) a general configuratior(p) and (c) two
natural candidates that may be selected by lowest quantum fluctuations. Actually, ca(o)idamminates,
because it allows for more freedom in the moves of bosons.

—
O
~

We take as a sequence of transitions for the smallest quantum fluctuations
S={(A,A):A=<x,y> andA’ =<y, x> forsomex, y € Z?, ||x — y|l2 = 1}.

The effective potential follows from (2.8). Lét,, = {z : [z — x| < 1or|z —y| < 1)
and more generally we denote Byany 3x 4 or 4 x 3 rectangle. Up to rotations and
reflections, we have to take into account five configurations, namely

[oX_Je} [eX _Je} [ JoX ] [ JoX ] [ JeX©)
000 OO0 [eJe)e} [oJe)e} ooCe
OCe0 { JoX ] (o] Yo [ JoX J [ JoJe)
[eJeJe) 000 00O 00O ocoe
(A) (B) ©) (D) (E)
&p 8p 8p 8p 8p

We find Wp (g5") = —12/2U1, Wp (gl ) = —12/4Uz, andWp(g},”) = Wp(gp ) =

Wp(gh) =0,
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We can choos® = 3; U(x) is a block 4x 4 centered orix; + 3, x2 + 3). The
configurationgy ) € Gy (x) are (up to rotations and reflections)

' YoX Yo ' YoX Yo
0000 0000
e000 ceoe
0000 0000
(@) (b)
8U(x) 8U(x)
We choose fofr
1 ~ 1
Tx(ny) = 5 Z @y (nuy(y)) + > Z Yp(np), (3.8)
¥,Uo(y)CU (x) PCU(x)

with @, (nye(y) = Py (nug(y)) — MiNgeg Py (nyg(y))- Which configurations, among
the four generated by and the eight generated kgy”, allow for more quantum
fluctuations? The effective potential yields

2

@ y_
Tx(gu(x)) - _Z_U]_’
2 2
b t t
v = 30, ~ a0y

We see that the set of dominant stafe$s formed by all the configurations generated
by g¢® (recall thatU; > 2U,). Heuristically, there is more freedom for the bosons to
move ing®, since they can go to a nearest-neighbour site and feel a small repulsion of
strengthl,; as for bosons of the configuratigf”, any nearest-neighbour move brings
them at distance 1 of another boson, and they feel a bigger repdlgion

As a result we can chooge = t2(8—11]2 — 4—[1]1) in Assumption 4. The maximum of the

expression in Assumption 5§ = tZ(S—Ll,2 - 4—11]1)‘1. In Assumption 6 we have, = 0,
because # g’ means thag andg’ must differ on a whole row, and the matrix element
is zero for any finiten.
These eight dominant states bring eight pure periodic phases, . .., (-)®; each
one can be constructed by adding a suitable field in the Hamiltonian (e.g. the projector

onto the dominant state).

Theorem 3.2 (Bose—Hubbard model)Consider the Bose—Hubbard model on the lat-
tice Z2 with a generalized hard-core, and suppdsg > 4(Uy — U,), U1 > 2U, and

0 < u < 8U,. There existg > 0 and Bo(¢) < oo (lim;_.o Bo() = oo) such that if

t <toandp = Bo,

o the free energy exists in the thermodynamic limit with periodic boundary conditions,
as well as expectation values of observables,
o there are 8 pure periodic phases with exponential decay of correlations.

Each of these eight phases is a perturbation of a dominant/state the expectation
value of any local operator is close to its value in the sfateee Theorem 2.2 for more
precise statement.

Similar properties hold for other quarter-integer density phases. Equation (3.7) may
be generalized so as to exhibit gaps for the spectrudn, af. [BKU2].
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4. Contour Representation of a Quantum Model

Our Hamiltonian has periodicit§p < oo. Without loss of generality, however, one can
consider only translation invariant Hamiltonians, applying the standard trick. Namely,
if Q is the single site phase space, wet= Q!L-}"; § = || = S%. Then we
consider the torug” C Z", £3|A’| = |A|, each point of which is representing a block
of sites inA of size£y, and identify

N~

ConstructingX’ as the Hilbert space spanned by the elemem@/éf, it is clear that

‘H' is isomorphic taH. The new translation invariant interactiod@$and7’ are defined

by resumming, for each c A’, the corresponding contributions with supports in the
union of corresponding blocks. Notice the change in range of interactions. Namely, it
decreased tpR/£o] (the lowest integer bigger or equal By £g).

From now on, keeping the original notatigf S, . .. , we suppose that the Hamilto-
nian is translation invariant.

The partition function of a quantum model is a trace over a Hilbert space. But ex-
panding €## with the help of the Duhamel formula we can reformulate it in terms
of the partition function of a classical model in a space with one additional dimension
(the extra dimension being continuous). In this section we present such an expansion,
leading to a contour representation, of the partition funcégfi = Tr e ##s ina
finite torusA P,

Expansion with the help of the Duhamel formula yields

eﬂHA_Z Z / 71...dT,

m>0A1,.. O<n1<.. <rm<ﬂ
A; C/\per

e VA Ty e @TVA T, Ty, e PmIVA L (4.0)

Inserting the expansion of unityy, = >, |na)(nal to the right of operatorp;,
we obtain

Zper Ze BVa(nn) Z Z Z f drp...dt,

m>1, 1 n”’ At O<t1<...<Tp<pB
A; C[\per

e VAt (n1 | Tp |02y e VAWR) | gym 7y (ply e (BmTVatid) - (4.9)

For notational simplicity, we wrot&, (n 5 ) instead ofn o | Va |n4 ). This expansion can

be interpreted as a classical partition function or(thel)-dimensional spacé x [0, 8].
Namely, calling the additional dimension “time direction”, the partition func

is a (continuous) sum over all space-time configuratiogs= n (1), T € [0, 8], and

all possible transitions at times corresponding to discontinuities,@t). Notice that

n (1) is periodic in the time direction. Thus, actually, we obtain a classical partition
function on the ¢ + 1)-dimensional toru¥, = AP®" x [0, B]perwith a circle[0, B]per

in the time direction (for simplicity we omit iflTs a reference t¢). Introducing the
quantum configuratiomT, consisting of the space-time configuratien(r) and the
transitions(A;, ;) at corresponding times, we can rewrite (4.2) in a compact form
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Zy' = / der, p(@r,) (4.3)

with p (@, ) standing for the second line of (4.2).

Now, we are going to specify excitations within a space-time configuratiand
identify classes of small excitationshe loopg — and large onesthe quantum contours

A configuration: € Q7" is said to be in the staie e G at sitex wheneven y, ) =
8Uo(x) (Notice that, in generag,is notunique). Ifthere is no sughe G, the configuration
n is said to beclassically excitect x. We useE (n) to denote the set of all classically
excited sites ofs € Q%'. For anyA C Z, let us consider the s&@, of quantum
configurations on the toruB,. Wheneverw € Qa,, its boundaryB(O)(w) C Tpis
defined as the union

BQ (0) = (Urepop(E(n(1)) x 7)) U (U1 (A; X 7).

The setsA; x 1; C T, represent the effect of the operafbrand for this reason are
calledquantum transitionslt is worth noticing that the se8? () is closed.

The next step is to identify the smallest quantum excitations — those consisting of
a sequence of transitions from the kit First, let us usé© (w) to denote the set of
connected components Bf% (w) (so thatB @ (@) = Uy g0, B). ToanyB € BO (w)
that is not wrapped around the cylinder (i.e., for which there exists aryme (0, B]per
with BN(Z" x tg) = #) we assign its sequence of transitiofi&B, »), ordered according
to their times (starting fromag to 8 and proceeding from O teg) as well as the smallest
box B containingB. Here, a box is any subset @, of the form A x [r1, t2] with
connectedd C Z" and[ty, t2] C [0, Blper (if 71 > 72, We interpret the segmefty, 5]
as that interval in0, B]per (With endpointsr; andry) that contains the point & B).

We would like to declare the excitations witliB, w) € S to be small. However, we
need to be sure that there are no other excitations in their close neighbourhood. If this
were the case, we would “glue” the neighbouring excitations together. This motivates
the following iterative procedure.

Givenw, let us first consider the s@éo)(w) of those component8 € B© (w) that

are not wrapped around the cylinder and for whi¢l®, ) € S, whereS is the set of all
subsequences of sequences fl®niNext, we define the first extension of the boundary,

BV (w) = U B)U (U B).

BeBO (0)\BY (@) BeBY (@)

Using BY (w) to denote the set of connected component8 8 (w) andBél) (w) C

BD(w) the set of those componenssin BY (w) that are not wrapped around the
cylinder and for which S(B, w) € S, we define

B@ (@) = (U B)U (U B).

BeBD (0)\B” () BeBY (@)

Iterating this procedure, it is clear that after a finite number of steps we obtain the
final extension of the boundary,

B(w) = (U B)U (U B). (4.4)

BeB® (0)\BY (@) BeBY (@)

7 Even though the present framework is more general, the nhame comes from thinking about simplest
excitations in Hubbard type models. Namely, a jump of an electron to a neighbouring site and returning
afterwards to its original position.

8 AsetB e Bél) (@) may actually contain several original components flieé;?l) (w). We take forS(B, w)
the sequence of all transitions in all those components.
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Here, everyB € Bg‘)(w) is a box of the formA x [11, t2] (that is not wrapped around
the cylinder) andS(B, w) € S. Let us denotdB(w) = B‘g‘)(w) and consider the set

Bo(w) C B(w) of all those setsB ¢ Bg“) (w) for which actuallyS(B, w) € S and,
moreoverna(t1 — 0) = na(r2 + 0). Finally, let B(w) = B(w) \ Bo(w) — “I” for
“large”: it represents the set of all excitationswfthat are not loops. Taking, for any
closedB C T,, the restrictionnp of a space-time configuratiam to be defined by
(np)«(t) = n, (1) foranyx x t € B, we introduce the useful notion of the restriction
wp of a quantum configuratiog to B as to consist o 3 and those quantum transitions
from @ that are contained iR, A x T C B (we suppose here thatand B are such that
no transition intersects both and its complement; we do not defing in this case).

Now the loops and the quantum contours can be defined. Firéddpsof a quantum
configurationw are thetriplet§ = (B, wp, gi); B = Ax[t1, 12] € Bo(w) isthesupport
of the loopé andgi =n4(t1—0) = na(r2+0), arestriction of a configuration e G.
(While the configuratiory is not unique, its restriction td is determined by the loop
& in a unigue way.) We say th4tis immersedn g. Given a quantum configuratian,
we obtain a new configuratio@ by erasing all loopgB, g, gi), i.e. for eacht we
remove all the transitions in its suppdtand change the space-time configuration on
B into g € G into whiché& is immersed. Let us remark thB{@w) = 5 (w). Notice that,
since we started our construction from (4), we have automatically diggmm? R for a
sSupportA x [r1, t2] of any loopé.

Remark.The procedure described here to identify the loops of a quantum configuration
is rather intricate. This is so because we consider a quite general class of models; when
studying a special model, it is possible to give a more explicit definition of the loops,
and to avoid this iteration.

Quantum contoursf a configurationw will be constructed by extending pai8, wp)

with B € Bj(w) by including also the regions of nondominating states ftenNamely,
summing over loops we will see that “loop free energy” favours the regions with dom-
inating configurations fronD C G. However, to recognize the influence of loops, we
have to look on regions of size comparable to the size of loops. This motivates the
following definitions withU (x) = {y € Z", |x — y| < R} being an extension of the
original neighbourhoodo(x). Thus, we enlarge the sgi(n) of classically excited sites

to E(n), with

E(n) ={xe VA ny(x) #* 8U(x) for anyg € G} (4.5)
and we introduce the sét(n) of softly excited siteby
F(n) = {x € Z" \ E(n) : ny() # dy) for anyd € D). (4.6)
Then, foraquantum configuration such that ®, we define the new extended boundary
Be(®) = [g] ([E(n(t)) U Fn(1)] x r) U .Ul([xgn U@)] x zi), (4.7)
7€[0,6]per i=

and if o # ®, we setBe(w) = Be(®). Notice thatB(®) C Be(w), since the first
set is the union of classical excitations, quantum transitions and boxes; obviously the
classical excitations and the quantum transitions also belol}(®), and the boxes
being such that their diameter is smaller thah &nd they contai/o(x)-excited sites
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at each time, they ar€ (x)-excited. Decomposin@e«(w) into connected components,
we get our quantum contours, namely= (B, wp). Notice that the configuratiow g
contains actually also the information determining which dominant ground state lies
outsideB. We call the seB thesupportof y, B = suppy, and introduce also its “truly
excited part”, thecore, corey C suppy, by taking

corey = suppy ﬂ(UfE[o,ﬁ]per(E(n(r)) X T) Uigl([xg‘_ U(x)] x r,»)). (4.8)

Finally, notice that if the contour is not wrapped around the torus in its spatial direction,
there exists a space-time configuratiohand we haveB = Be(®?).

A set of quantum contourB = {y1, ..., ¥} is called admissible if there exists a
quantum configuratiom' € Q, which hasI” as set of quantum contours; clearly, if
! exists, it is unique under the assumption that it contains no loopufi.e= ).
We useD, to denote the set of all collectionsof admissible quantum contours, and
extend the notions of core and support to sets of contours, namely cere, crcorey,
suppl’ = Uy crsuppy .

Givenl’ € Dy, asetofloopE = {£&1, ..., &} issaidtobe admissible and compatible
with T if there existsw"“E which hasZ as a set of loops and as a set of quantum
contours (it is also unique whenever it exists). More explicitly,

e two loopsé = (B,wB,gi) and¢’ = (B/,w/B,,gi/,) are compatibles ~ &/, iff
B U B’ is not connected;
e aloopt = (B, wp, gi), with B = A x [11, 12], is compatible witl", & ~ T, iff

B U B(w") is not connected,

g5 =nl(x)forallt e [, 12l

e acollection of loopsE = {£1, ..., &} is admissible and compatible with iff any
two loops fromE are compatible and each loop frdiis compatible withr".

We useD'XOp(F) to denote the set of all admissible collectidighat are compatible
with T.

The conditions of admissibility and compatibility above can be, for any given set of
transitiongAz, ..., A,,}, formulated as a finite number of restrictions on corresponding
transition times{zy, ..., 7, }. Given the restrictions on admissibility 8f € Dy, the

restrictions orE to belong th'/c\’Op (I") factorize. As a result, the partition functiar*"

in (4.3) can be rewritten in terms of integrations offer andD'2°" (I") [the summation
overI” and E accompanied with the integratioa,priori over the interval0, 8], over
times t; of corresponding transitions, subjected to the above formulated restrictions,
cf. (4.2)]. Furthermore the contribution bfU E factorizes as a contribution dftimes

a product of terms fof € & [BKU1,DFF1]° we get

zfjerzf olr/I dE p(@"VE) =f dr p(wr)/l dg [ ] z®).
Da DY) Da DR (1) feE
(4.9)

9 For spin or boson systems factorization is true simply because any two operators with disjoint supports
commute. In the case of fermion systems there is an additional sign due to anticommutation relations between
creation and annihilation operators, and factorization is no more obvious. That it indeed factorizes was nicely
proved in Sect. 4.2 of [DFF1].
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Here, using(A;, 7;),i = 1, ..., m} to denote the quantum transitionsIof) 2, we put

p@"%) = [T = (5~ 0)| Ta, Iny= 5 +0)) exp| - /T der, )@ (e () ],
i=1 A
(4.10)

wheref, d(x, 7)isthe shorthandfoff dz Y., » (used herefoB = T,). Similarly

for p(@"). Further, the weight of a loop = (B, wp, g4) With the set of quantum
transitions{(A;, 7;),i = 1, ..., £} andn the space-time configuration corresponding to
WBR, is

B
2(6) = exp| - [O dr Y (@2 (n0g0 (0) = P (guoeo))] | (3] Ty Iay (11+0)

x,Up(x)CA
X (npy(T2 — 0)| Tp, [may (124 0)) ... (na,(Te — 0)| T, Ig4,). (4.11)

GivenT" € D,, the second integral in (4.9) is over the collections of loops that
interact only through a condition of non-intersection. This is the usual framework for
applying the cluster expansion of polymers. The only technical difficulty is that the set
of our loops is uncountable (the loops depend on continuous transition times), and thus
we cannot simply quote the existing literature. Nevertheless, the needed extension is
rather straightforward and often implicitly used.

Given a collectiorC = (&1, . .., &,) of loops, we define the truncated function
1
(€)= =0T () []2®). (4.12)
n.
teC
with

1 ifn=1,
2.G He(i,j)eg(]l[&' ~&]-1) ifn>2,

where the sum is over all connected graghef n vertices. Notice tha®'(C) = 0
whenevelC is not a cluster, i.e. if the union of the supports of its loops is not connected.
We useL 5 andC, to denote the set of all loops and clusters, respectively, anjy&lslf
asashorthandfdr, - 4 [, dé1... [ d&,, in obvious meaning. WhenevEre D, is
fixed, we useC 5 (I') to denote the set of all loops compatible withnd writeC € C, (T")
whenever the clustér contains only loops fronf 5 (T). Again,ch(r) dC isashorthand
for)", >1 fLA(F) qgl... fﬁAglf) dg,. Finally, We. also need similar integrals condit?oned
by the time of the first transition encountered in the I6a@p the clusteC. Namely, using
C to denote the support @, i.e. the union of the supports of the loops@®fandic =
{r1(C), 12(C)} to denote its vertical projectiolf, Ic = {r € [0, Blper; Z' x TNC # B},
we us&}f”) forthe setofall cluster€ e C, withthe firsttransitiontime1(C) = t, for
which their first loopg; with supportB1 = A1 x [t1(C), 2], contains the site, A1 > x.
Thenfl:(m dé andfcu,f) dC are shorthands for the corresponding integrals with first
A A

P (C) =9 (1, ... &) =

transition time fixed — formally one replacgigs by [ T[A1 > x]8(r1(61) — 7)d&y.
With this notation we can formulate the cluster expansion lemma.

10 Again, if 1 > 12, the segmeriiry, 721 C [0, B1per coNtains the point & §.
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Lemma 4.1 (Cluster expansion)For anyc € R, a1 < (4Rg)™", a» < R~%"Ag and
8 > 0, there existsp > 0 such that wheneveélT | < gg andI’ € Dy, we have the loop
cluster expansion,

dz = dcq>Tc}. 4.13
/D CINEG exp{ [C  gceT©) (4.13)

Moreover, the weights of the clusters are exponentially decaying (unifornmy&and

B):
dCI[C 5 (x, D]I®T(C)| [ | elemealoslThiArrezlBl 5 (4.14)
Ca £eC
and
/ dC|0T(C)| [ elc-enloalriartaziel < g (4.15)
e geC
for every(x, t) € Ty.

Proof. One can follow any standard reference concerning cluster expansions for con-
tinuum systems, for example [Bry]. We are using here [Pfi] whose formulation is closer
to our purpose. Assuming that inequality (4.15) holds true, we have a finite bound

1 n
> —,/ dér...d&uleT Ga. ... &I [ [lz€)1 < 8BIAL (4.16)
n: L))" i1

Lemma 4.1 then follows from Lemma 3.1 of [Pfi]. Let us turn to the proof of the two
inequalities. Let
F&) =1z(8)] gle—a1loglITIDIAl+az|B|

Skipping the condition; ~ I', we define

I, =n[/£ Az 1[B1 > (x. )] +/c<;-” dei

.

(it does not depend ofx, t) € T,). The lemma will be completed once we shall
have established thd}, < n!(%a)” (assuming thas < 1; otherwise, we show that
I, < n!/2"). From Lemma 3.4 of [Pfi], we get

n (4.17)
(A2 dEleT L 8D [ FED
i=1

n—
A

T (61, ..., &) < > [[ I[B:u B connectelt (4.18)

T tree onn verticese(i, j) €T

Denotingds, ..., d, the incidence numbers of vertices. 1., n, we first proceed with
the integration on the loops+# 1 for whichd; = 1;inthe tre€J, such; shares an edge

only with one vertex. The incompatibility betweefy andé;, with&; = (B;, ng, ggj),

B, = A; x [‘L’l(i), rz(i)], and similarly fog ;, means that eithes ; U[A; x tl(i)] is connected,
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or[A; x r{j)] U B; is connected. Hence, the bound for the integral ovektbat are
incompatible with; is

f d¢; I[B; U B; connectedif (¢;)

Ly

<2u|A,-|/£ ds; I[B; > (x,r)]f(éj)JrZVIBiI/E(m d&; f(€)) (4.19)
A A

1
<2v(1il +a|Bi|)<f£ dg; 1[B; > (v, D] f () + ;/ﬁm ds,-f(sp).

A

(The constan& has been introduced in order to match with the conditions of the next
lemma). Then

I, <nv)' 1 Z . [/L d&1I[B1> (x,7)] + /[,(”) dfl]
T tree ofn vertices © ~4A A
d1
f (1Al +alBa))

[T [ dtl8 woolren(a+as)

j=2

(4.20)

J

1 dj—1
+_/z:%” ds; £ (&)(1A;1 +alB;) ]

o

Now summing over all trees, knowing that the number of trees witlrtices and
incidence numberdy, ..., d, is equal to

(n —2)! - (n — 1)!
di—D'...d, = D! ~ dil(do—D)!...(dy — DV

we find a bound

L, <nlv)"ta+ oz)|:/ de T [B > (x, T)]f(é) glAl+alB|
LA
1 n (4.21)
+ / déf(é)e'A”“'B} :
L:Xc.r)

o

We conclude by using the following lemma which implies that the quantity between the
brackets is small.o

Lemma4.2. Letay < (4Ro)~" andas < R=%"Aq. For anyc € R ands > 0, there
existseg > 0 such that whenevdIT || < sg the following inequality holds true,

/ ds 1 [B > (x, T)]IZ(E)I gle—a1log|ITIDIAl+az|B|
La

(c—a1log||TID|A|+az| B
+f£(Am de|2(5)] € <s,

where(x, ) is any space-time site @, .
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Proof. Let us first consider the integral ovesuch that its box contains a given space-
time site. We denote bgy the number of quantum transitions{ht times bigger than
7, and¢, the number of the other quantum transitions. The integral wan be done
by summing ovet¢s +¢2) quantum transitions?, ..., A}, Af,..., AZ by summing

i i i 1
Al and by integrating over '[|me‘el1 << T,
tf < -+ < tf. Letus do the change of variablgs = 7} — 7, &2 =3 — 7}, ...,

~1 _ 1 1 2 ~2 2 :
Ty, = Tg, — Tgyo1 andr1 =T =T T =T 1 — 142. Then we can write the

fohowmg upper bound:

over ({1 + £2) conflguratlonSn

/ de 1 [B 5 (x, T)]|Z(§)| gle—a1logITID]Al+az|B]
La

00 4
< ) Z Z /Odfll...dffz]_[]_“ f|TA,|n"+1)|

tt2>1 AL "i\i n 22¢GA i=1,2j=1
U,‘jAj_Aax 1
A connected
gle=a1log ITIDIAL =% 2, vgcal®y CHAREL S /(8Uo)] GF; R %2 (4.22)

whereg4 € G 4 is the configuration in which the lodpis immersed (if the construction
does not lead to a possible loop, we find a bound by pickinggang G 4). Remark

that we neglected a constraint on the sum over configurations, naﬁbelyt n2 Lt
is useful to note that the sums ow&r, £ and over the quantum transitions are finite,
otherwise they cannot constitute a loop.

Using the definition (2.6) off 7' ||, we have

[y | Ta Ina)| < 1T

Furthermore

Y (g ) — Pul@uom)] = RV Ao,
x,Up(x)CA

as claimed in Property (2.5). Hence we have, since the number of configuratiens on
is bounded withs!4!,

/ del [B > (x, T)]IZ(S)I glc—a1log[ITID]Al+az| Bl
L

||T||1 a1(4Ro)" g ec(4R0)” ]lA;‘

S Z Z 1_[ 1_[ R~VAg— RVas ! (423)

1,00 >1 Al i=12j=1

U,,_,Aj_Aax
A connected

This is a small quantity since the sums are finite, by takifigg small enough. Now we
turn to the second term, namely

(c—a1log|ITIDIA|+az| B
/E o IO :
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The proof is similar; we first sum over the number of transitibrteen over transitions
A1,...Ap with A = U;A; > x, A connected. Then we chooge- 1 intermediate
configurations. Finally, we integrate oveér- 1 time intervals. The resulting equation
looks very close to (4.23) and is small for the same reasams.

Now, we single out the class aimall clusters Namely, a cluster is small if the
sequence of its quantum transitions belongs to theSlisio be more precise, we have
to specify the order of transitions: considering a clugfe= (&1, ..., &) and using
SEW), ¢ =1,...,k to denote the sequence of quantum transitions of theg&op=

(BO, @pa), giw), SE®) = S(BY, wge), we take the sequenc®C) obtained by
combining the sequencegé @), ..., S(E®) in this order. A clustelC is said to be
smallif S(C) € 8, it is large otherwise. We usé'f\ma" to denote the set of all small
clusters on the torus .

The local contribution to the energy at timgwhen the systemis in a statgg ) (7),
iS & (nyy(x) (). Similarly, we will introduce the local contribution of loops (and small
clusters of loops) in the expansion of the partition function — the effective potential
\Ifﬁ (n4(7)). The latter is a local quantity in the sense that it dependsamly on the set

A attimez. An explicit expression oﬁlﬁ (ga) with g € G is, in terms of small clusters,

P T (C)
Vi(ga) = —/ dc I[C ~ ga,Ac = A, Ic 30]. (4.24)
csmal|Ic|
Here, again( is the support olC, A its horizontal projection ont@’, Ac = {x €
Z"; x x [0, BlperN C # @}, andI¢ its vertical projection]Ac| and|I¢| their corre-
sponding areas, and the conditén~ g4 means that each loop 6fis immersed in the
ground state. Notice that the “horizontal extension” of any small cluster is at maést 2
if Cisasmall cluster, diard¢) < 2R. The definitions introduced to write the effective
potential (see the appendix) are now clear, once we identify the effective poténtial
defined in (A.1) as the limig — oo of (4.24). Namely,
= lim wh.
B—o00

Our assumptions in Sect. 2.3 concern the ligit> oo of the effective potential,
but at non zero temperature we have to work with. To trace down the difference, we
introducey? = WA — W, Notice that (4.24) implieﬁ!ﬁ(nA) = 0 wheneven, ¢ Ga
or diamA < 4Rg. ~

Recalling that ifC c Ty, C is the smallest box containing, we introduce, for any
clusterC e c3™3, the function

oT(0)

o' (C;T) =
el Jic

dr(]I[C ~T]=1[n},. (1) € Gac, C ~ ngc(r)]).
(4.25)

Here, the first indicator function in the parenthesis singles out the clusters each loop of
which is compatible witH", while the second indicator concerns the clusters for which
ngc () € G4 and each of their loops isimmersed in the configurati@(r) (extended

as a constant to all the time intervat). Observing thatbT(C; T) = 0 whenever

C ncorel’ = ¢, we split the integral over small clusters into its bulk part expressed in
terms of the effective potential and boundary terms “decorating” the quantum contours
fromT.
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Lemma 4.3. For any fixedl" € Dy, one has
[ dC@T€ =~ [ a4 wa@lo)
Cimall(r) Ta

— [ duanviahe)+ /C dcaTc:).
’]I‘A ima

The term®T (C; I') vanishes whenevet N corel’ = @.
Similarly as d(x, 7), the shorthand d(A, ) meansy_ , [ dr.

Proof. To get the equality of integrals, it is enough to rewrite
/ dco’(C) = / dceT(C)I[C ~T] (4.26)
C[s\mall(l—w) C/s\mall

and

;
—/ d(A,r)\Ifﬁ(nS(r)):/ ac O
Ta csmal— |Ic|

drI{n}y.(v) € Gac. € ~nly (D).
Ic

(4.27)

Moreover, whenevef Ncorel” = ¢, the configuratiomgc (r) belongstaG 4., anditis
constant, for alt € I¢. Under these circumstances, the condifor- I is equivalent
toC ~ "/F%c () and the right hand side of (4.25) vanishes.

Wheneverl" € D, is fixed, letW,(I') C T, be the set of space-time sites in the
stated, i.e.
Wa(T) = {(x,7) € Tp : ny( () = dy)}-

Notice that

Tp = suppl UdUD WyI); WuDHNWyT)=0ifd #d,
€

andthe setsuppnW, (') is of measure zero (with respect to the measqred) onT ).

Let us recall that the equivalent potentifilsatisfies the equality ", ., T (nyw)) =

Yo aca(@a(na)+Wa(na))+constA| for any configuratiom on the torush; actually,
we can take const 0, sinceY andY’ = Y + const are also physically equivalent, and
Y’ satisfies the same assumptionsras

Lemma 4.4. The partition functior{4.9) can be rewritten as

ZR = fD dar 1‘[ eI Wa(D)le(d) 1—[ 2(y) RO
A

deD yel’
Here the weight(y) of a quantum contour = (B, wp) with the sequence of transitions
(A1,...,A,) attimes(zy, ..., Ty is

m

2(v) = [ [}, (i = O)I Ta, 10 (i + 0)) exp| /B der, DY (] (0) ] (4.28)
i=1
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The restR(I") is given by

R = [ dco™(©) - [ dwowfalen+ [ dceTein).
CaM\CI™N(T) Ta csmal
(4.29)

Proof. Using Lemmas 4.1 and 4.3 to substitute in (4.9) the contribution of loops by the
action of the effective potential, we get

28~ [ ar{[Th, =017, 1nf o+ 00
v i (4.30)

exp| - /T d(A, T (@4 (7)) + Wa (D)) | 7O

Replacing® + ¥ by the physically equivalent potentil, we get

m

zgefzf dr ([ Jnf, (5 = 01 T, Inf, (5 + O}

A i=1

exp{— / d(x,rm(n{,(x)(f))}]_[ g ¢@IWa@I R (4.31)
suppl" deD

We get our lemma by observing that the product over quantum transitions and the first
exponential factorize with respect to the quantum contours, as was the case for the loops
(for fermions the sign arising because of anticommutation relations also factorizes; we
again refer to [DFF1] for the proof).o

Our goal is to obtain a classical lattice system A1 dimensions. Thus we introduce
a discretization of the continuous time direction, by choosing suitable pararietefs
andN e N with g = N%” SettingL to be the(v + 1)-dimensional discrete torus
Ln=Ax{0,1,..., N—1}P¥"—let us recall that has periodic boundary conditions
in all spatial directions — and usir@(x, t) C R'*1 to denote, for anyx, t) € L, the
cell centered in(x, %t) with vertical length3/A, we haveT, = U e, Cx, 1).

For anyM c L,, we setC(M) to be the union of all cells centered at sites\of
C(M) = U nemC(x, 1) C Tp.Conversely, iiB C Ty, we takeM (B) C L, to be the
smallest set such th&(M (B)) D B. Given a connectéd setM c L, and a collection
of quantum contourE € Dy, we define

@(M;T) =/ dCI[M(C) = M]@T(C) +
cam\emakr)
+/ ” dCI[M(C) =M, C ¢ C(suppl)]®'(C;T) —
C/s\ma

- / d(A, DY @ (o) (4.32)
M(Axt)=M

11 Note the difference from [BKU1]; here the vertical length of a unit ¢g&l depends on{T||, since so
does the quantum Peierls constant

12 Connectedness i, is meant in the standard way via nearest neighbours.
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and

R() :f ”dCH[C C C(suppD)]@T(C; ). (4.33)
Cima

We have separated the contributions of the small clusters inside
C(suppl’) = C(M(suppl)),

because they are not necessarily a small quantity, and it is impossible to expand them.
On the contraryp(M; T') is small, and hence it is natural to write

eRI) _ gR(D) ST (ewM;F) _ 1>, (4.34)

M MeM

with the sum running over all collection®! of connected subsets bfy .

Let suppM = Uy pq M. Given a set of quantum contourse D, and a collection
M, we introduce contours oh, by decomposing the seéf (suppl’) U suppM into
connected components [notice thatif ) ¢ M (suppl’) U suppM, thenC(x,t) C
Ugep Wa(I')]. Namely, acontourY is a pair(suppY, ay), where supy C L, is a
(non-empty) connected subsetlof, anday is a labeling of connected componetits
of aC(suppY), ay(F) = 1,...,r. We write |Y| for the length (area) of the contour
Y, i.e. the number of sites in supp A set of contouryy = {Y1, ..., Y} is admissible
if the contours are mutually disjoint and if the labeling is constant on the boundary of
each connected component®f \ UycyC(suppY). Finally, given an admissible set
of contours), we defineW,())) to be the union of all connected componemtsof
La \ UyeysuppY such thaiC (M) has labell on its boundary.

Consider now any guantum configuratiere Q , yielding, together with a collection
M, a fixed set of contoury. Summing over all such configuratiomsand collections
M, we get the weight to be attributed to the 3etLet ' be the collection of quantum
contours corresponding , UycysuppY = M (suppl'®) U suppM. Given that the
configurationge are necessarily constant with no transitioriion\ C (Uy cysuppy), we
easily see that the weight factor splits into a product of weight factors of single contours
Y € Y. Namely, for the weigh} of a contourY we get the expression

() = / dr [T z() [ & <@matrncisumpni R
DaM  Ler deD

> 1[M(suppl’) UsuppM = suppy| [ (e“’(’”‘r) - 1), (4.35)
M MeM

whereDy (Y) is the set of quantum configurations compatible WHtHT € D (Y) if
suppl’ C suppY and the labels on the boundary of supmatch with labels ofy.
Thus, we can finally rewrite the partition function in a form that agrees with the standard
Pirogov-Sinai setting, namely

B
7P = Z l_[ g xe W)l H 3(Y), (4.36)
Y deD Yey

with the sum being over all admissible sets of contour&.gn
In the next section we will evaluate the decay rate of contour weights in preparation
to apply, in Sect. 6, the Pirogov—-Sinai theory to prove Theorems 2.1, 2.2, and 2.3.
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5. Exponential Decay of the Weight of the Contours

In this section we show that the weighttas exponential decay with respect to the length
of the contours. We begin by a lemma proving that the contributioias small, that
we shall use in Lemma 5.2 below for the boung of

Lemma 5.1. Under Assumptions 1-6, for any< oo there exist constanisy, Bo < oo,
andeg > 0 such that for any8 > Bo, Bo < B < 2B0, and||T||, 1, €2 < €0, One has

Z |e</’(M:1") _ 1‘ ecIM] <1
M>(x,t)

for any contourY and any set of quantum contourse Dy (Y).

Proof. We show that

Z |<p(M; F)| Ml <1,
M>(x.1)

This implies thatp(M; I')| < 1 and consequently Lemma 5.1 holds — with a slightly
smaller constant.

Let us consider separately, in (4.32), the three terms on the right handajidee
integral over big clustergp) the integral over small clusters, afic) the expression
involving ¥#.

(a) Big clusters.Our aim is to estimate

I= > eC'M'f dc1[M(C) = M]|dT(C)|.

Ma@n) CaM\CRM(T)

SinceM(C) = M andM > (x, 1), the cellC(x, t) intersects a quantum transition
of C, or it is contained in a box¥ belonging to a loop o (both possibilities may
occur at the same time). In the first case we start the integral over clusters by choosing
the time for the first quantum transition, which yields a fa@gn. In the second case
we simply integrate over all loops containing the given site. In the same time, given a
clusterC = (&1, ...,&,), & = (B;, wg) gi) andB; = A; x [‘L'](_i), ‘Cz(i)], the condition
M (C) = M implies that

n

A
Aj —|Bi|{ = |M]|. 51
;{| [+ 518} = 1M1 (5.2)

Using it to bound M|, we get the estimate

s<?

clAl+c2|B|
S e B
A CE\X-T)\c/s\maII

dclo™ ) ] +

seC (5.2)

C Cé
+/ dcI[c s @ n]jeT©) [ 5.
CA\Cls\maII feC

Taking,inLemma4.1, the constards above aswellag = %(4R0)_”,a2 =cA/B,
8 = 1, and choosing the correspondisidc, o1, a2, §), we can bound the second term
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of (5.2), for any||T|| < eo, with the help of (4.14) oncg is chosen large enough to
satisfy

B < g, (5.3)
A Ao

To estimate the first term of (5.2), we first consider the contribution of those clusters
for which

B —3(4R0) " |A|
~ < ITuri= :
teC

Applying it together with (5.3) we can directly use the bound (4.15).
Thus it remains to estimate the contribution of those terms for which

1 log(B/A)
_— Al < ————. 54
2(4Ro)" S;' = Tog1/IT1) &4

Let us first fix 8 andeg < eo(c, 1, a2, §) with the constants, a1, a2, ands as above,
so that

LAY (5.5)
€0 Ao
and, in the same time,

~ k—3k' (4Rp)™"
<y 3k’ (4Ro) (5.6)

for a suitable largé’ (we also assume thag < 1). Herek is the constant that appears in
Assumption 4A(||T|)) > ||T||*. Observing further thak (|| 7 ||) can be taken to increase
with || 7| (one can always consider a weaker lower bosnghen taking smallef T |)),
we conclude that (5.3), as well as the condition

v 109B/8)
log(1/IT1)

are satisfied for everyT' || < eo. Thus, it suffices to find an upper bound to

2(4Rp)

k]

iy
A CX(J)\c[s\mall

J dCleT ()| 1[) 1Al < K]. (5.7)

teC

The main problem in estimating this term stems from the factar that may be large
if || 7] is small. Thus, to have a bound valid for all smgll||, some terms, coming from
the integral, that would suppress this factor must be displayed.

The conditionzgec |A| < k' will be used several times by applying its obvious
consequences: (i) the number of loop€'iis smaller thar’, (ii) the number of transitions
for each loop is smaller thakd, (iii) each transitiorA is such thatA| < &, and (iv) the
distance between each transition anid smaller thark’.
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Furthermore, we use Assumption 5 to bound the contribution of the transitidrs of
recalling the definition (4.11) of the weight &f we have, for any larg€,

[T1@! <era [T exp| - / dCx, D) () () = el )]
geC §eC B
<erA [ ek ool (5.8)
teC

In the last inequality we used Assumption 2 in the form of the bound (2.5) as well as the
lower bound|z, — 71| = {3} > % for the suppor8 = A x [71, 72] of the loop.

Foranyt € C = (&1, ...&,), lett be the time at which the first transitionéhoccurs
(we assume that it happens for the “first” lap) andzé be such that + ¢ is the time
at which the first transition i§ occurs ¢¢1 = 0). Referring to the condition (i) on the
number of loops irC, we get the inequality

D IEI<K Y 1B,
§#61 §

and thus also
A
1< [[ e @nm'™ [ etk ™ot
3 &

Integrating now over the time of the first transition for egch C, & # &, and taking
into account thaty T (£1, ..., &)| < n"~2, we get

K n—2 ! p2v
, - n 2k' RV \n—1 _1R-2Aq|B| o
J gﬁgl;(n—l)!( Ag ) H./Lx”) dg e 2 0 ]I[E.k]} . (5.9)

Here the constraint [gi : k’] means that the loog; satisfies the conditions (ii)—(iv)
above. We have then a finite number of finite terms, the contribution of which is bounded
by a fixed numbeK < oo (depending orzg, B, andk’). ThusJ’ < Be1K which we

can suppose sufficiently smalldf is small.

(b) Small clustersLet us first notice thad T (C; I')| < |®T(C)|, and sinceM (C) = M,
inequality (5.1) is valid. Moreovef must contain atleast one of the two boundary points
(y, t% + %) of some cellC(y, ¢) for which dist(x, y) < R. Indeed, given tha€ is
small and in the same timé N corel’ # @ (cf. Lemma 4.3), this is the only way to
satisfy alsaC ¢ C(suppr') [cf. (4.32)]. Thus it suffices to use again (4.14) and (5.3) to

estimate
eclAH—c%lBl '

(2R)’ /c;ma" dC1[C > (x.n)]le" (O[]

teC

(c) Bound fory?. Finally, we estimate the expression involvigd . We first observe
that

e lyhgnl <1 (5.10)
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foranyA C Z" and witha = 3 R~2" Ao, Indeed,

&P 1y (ga)] = &P 1WF (g4) — Walga)| =

G ®T(0)
= &7 |-] L adCI[C~ g Ac=A4.1c20.CCAXIO. Blper eI =A] ==
A
T (C
~|—/ dCI[[C~gA,Ac=A,IC90,CCAx[—oo,oo],|1c|>,3] ( ).
cgmal licl
(5.11)

The first integral above corresponds to clusters wrapped around the torus in vertical
direction, while the second one assumes integration over all clustarifi—oo, co].
For anyC above|l¢| > B and thus

et < J] e
geC

Observing now that every cluster in both integrals necessarily contains in its support at
least one of the points:, 0), x € A, and using the fact that diath < R, we can bound
the first integral by

U dC1[C 5 (x, 0)]|@T(O)[ [ &”,
B Cimall feC

which can be directly evaluated by (4.14). The same bound can be actually used also for
the second integral, once we realize that the estimate (4.14) is unifgm in
Using now the fact thatfﬁ = 0 ifdiamA > R, the conditionM (A x {t}) = M

implies thatM has less thaR" sites, hence ®! < e®" . Furthermore, referring to
(5.10), we have

/ A, DIEOI[MA x (o) = M]eM! < B g draoer — 519)
Ta

>

which can be made small fg& sufficiently large and concludes thus the proof of the
lemma. O

Using Lemma 5.1 and introducing = mingcp e(d), we can estimate the weight
of the contours in the discrete space of cells.

Lemma 5.2. Under Assumptions 1-6, for ary < oo, there existBo, fo < oo and
g0 > 0 such that for any8 > Bo, Bo < B < 2B, and||T|, €1, e2 < €p, One has

5(V)] < e 5l gel

for any contourY.
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Proof. For a givenl” (such thatM (suppl’) C suppY) with transitions{A1, ..., A}
at times{ry, ..., 7,}, we defineA(l") = U” | Ures, [U(x) x 7], A = M(A(T)),
and€& C suppy \ A to be the set of siteg, ¢) such thatn{](x)(r) ¢ Dy x) for some

(x, 1) € C(x, 1). The latter can be split into two disjoint subsets: £°¢ U £50f with
(x,1) € gcore whenevern{](x)(r) ¢ Gy for some(x, ) € C(x, r). The condition
M (suppl’) U suppM = suppY in (4.35) implies the inequality

el < @ @RIADI lEl TT &Ml
MeM
From definitions (4.35) of(Y) and (4.28) ot (y), and using Assumption 4, we have

ey < Y e ke
AcsuppY
Z Z e (BolE\E"| e‘<§%(2R)’“—c)|5°°fe| «
EcsuppY\A Ecorece

x / dl' I[M(A(T")) = A, M(corel’) = £°°¢]
Da

m
[ [Ink, (zi = 0) Ta, In}y, (i + 0y) | @R 1AL x
i=1

% exp[—/ d(x, f)Tx(nE(x)(r))] R Z l_[ | g (M:T) 1| eclM|
CA) M, suppMcsuppY MeM
(5.13)

All elements inM are different, because it is so in the expansion (4.34). Therefore we

have
Z 1_[ ’ew(M;F) _ 1‘ i
M, suppMcsuppY Me M

<) %[ 3 [eriD _1|ec|M|]"

n>0 "~ McsuppY
1 n
= o(M;T) _ M|
<y n![m I 1) ] , (5.14)
n>0 M>(x,t)

and using Lemma 5.1 this may be bounded by .
In (4.33) clusters are small, and they must contain a space-timersitg such that

there exists’ with (x’, t) € corel” and dist(x, x’) < R. So we have the bound

|R(I")| < (2R)"|coreT| / dci [C> @& n]|eT©),
Cima

since|®'(C; )| < |®T(C)|. Taking now, in Lemma 4.1, the constants: o1 = ap =

0 ands = zt(zA#' and choosing the corresponding we apply (4.14) to get, for any

IT| < o, the bound

A A
T°(2R)‘”|800r6| + T°(2R)‘”|c0reI‘ NCA)|.

[>|‘Oal

~ A
IR(D)| < 7°<2R>—“|corer| <
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AssumingB > c and £ 42 > (2R)Vc [cf. (5.3)], we bound
e~ (B=0lE\EX™| (K 2P @R) M~ g

Inserting these estimates into (5.13), we get

¢llpn) < e bl @ 37 g [ i) = A
AcsuppY Da

m
[ [l nk, (i = 0)| Ta, I, (z: + 0))] @R 14
i=1
r AO —v
exp{—/C(A) der. D[ (1) — €0 = 2 2R) " I[(x.7) € corer]]}. (5.15)
To estimate the above expression, we will split the “transition part” of the considered
guantum contours into connected components, to be cabgdnents and deal with
them separately. Even though the weight of a quantum contour cannot be partitioned

into the corresponding fragments, we will get an upper bound combined from fragment
bounds. Consider thus the set

A(") = corel’ N C(A(T))

and the fragments;, = (B;, wp,;) on the connected componerRs of A(F), A(F) =
U!_, Bi, wp, is the restriction ob! onto B;.
From Assumption 4, we have

fC(A) dx, z)[n (5 (1) — €0 — %(21{)*” 1[(x,7) € corer]]

n
> 7R Ao ) IBil.
i=1
Let us introduce a bound for the contribution of a fragmgmtith transitionsA ;, j =
1,...,k,

k
N _1 -V N v )
2(0) = e @RI TT (0] (v1 = O)| Ta, Iy (v1 + 0)] BRI,
j=1

Then, integrating over the s 4, of all fragments inC(A), we get
B 1 A\
& 5] < e heoll @ YT genAl g / dc:0)" (5.16)
AcsuppY n>0 Fea

Anticipating the bounq“fc(A) dzz(¢) < | Al, we immediately get the claim,

eyl 13(Y)] < efﬁeo\y\ Yl ,

with a slight change of constant— ¢ — 3.
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A bound on the integral of fragmentiset us first consideshort fragments; =
(B, wp) satisfying the condition

log(A/A)
2Z'A < fogayryy S 098+ 17

(if IT] < 1). The integral over the time of occurrence of the first transition yields the
factor 8/ A. Notice thatz is not a loop. This follows from the construction of quantum
contours and the fact th& is a connected componenté(l‘), where every transition

is taken together with it®R-neighbourhood. Thus, either its sequence of transitions
does not belong t&, or the starting configuration does not coincide with the ending
configuration. In the first case we use Assumption 5, in the second case Assumption 6,
and since (5.17) means that the sum over transitions is bounded, we can write

ffshor dz2(¢) < 314, (5.18)

C(A)

if £1 andes are small enough, independently|d|.
Finally, we estimate the integral ovels that are not short. We have

dcic) < 1AL / de2(0). (5.19)

(x,7) Fshort

/ hort
‘FC(A)\]:E‘(A) C(.A)\ C(A)

Here]-"(x f; is the set of all fragments whose first quantum transitiqm 1, 1) is such
thatx € A1 andt = t1. Whenever is not short, we have

k
é H T~ 2141,
B i
Thus, defining
k .
() = et s T [irydeeo s ], (5.20)
j=1
we find the bound
|A| d¢z'(¢).
F(x,7)

Here, slightly overestimating, we take f6i(x, 7) the set of all fragments containing a
guantum transitiolA, t) with x € A.

The supportB of a fragmentt = (B, wg) € F(x, 1), is a finite union of vertical
segments (i.e. sets of the fofm} x [t1, 2] C T s ) andk horizontal quantum transitions
A1, ..., Ag.

We will finish the proof by proving by induction the bound

/ dez'(0) <1 (5.21)
F(x,t;k)

with F(x, 7; k) denoting the set of fragments froffi(x, ) with at mostk quantum
transitions.
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Consider thus a fragment with k horizontal quantum transitions connected by
vertical segments. Lé#, t) be the transition containing the point, t) and let(Aq, T+
71), ..., (Ag, T + T¢) be the transitions that are connected by (one or several) vertical
segments of the respective lengthg, . . ., |t¢| with the transition A, 7). If we remove
all those segments, the fragmentwill split into the “naked” transition(A, ) and
additionall < £ fragmentsy, ..., ¢7, suchthateachfragment j = 1,..., ¢, belongs
toF(y;, t+7;; k=1 withy; e A.Takinginto accountthatthe number of configurations
(determining the possible vertical segments attachdd &dbove and below is bounded

by $2141 and that the number of possibilities to choose the pgipts bounded byA|f,
we get

/ dez'(¢) < Z [||T||% 2R +1 Sz]lAl
F(x,t:k)

A, dist(A X)<R

Al¢ L(2R) ™" Ag(t1+-+17)
Z dryp-- dr; e 2 olt1 ¢

Z
H / de2'(g)
j=1 Fyj,t4t1j3k=1)

< Y [IT|Es2e @R 2] A @eR M < (5.22)
A,dist(A,x)<R

once| T| is sufficiently small. o

In the application of Pirogov—Sinai theory we shall also need a bound on derivatives
of the weight of contours.

Lemma 5.3. Under Assumptions 1-7, for any< oo, there exist constantﬁ Bo, Po <
oo andeg > 0 such that if8 > Bo, fo < B < 2Bo, Tl + >0 o 5Tl < €0, and
£1, &2 < &9, one has

\iz(Y)| <af|y|e 5ol gelvl
O

for any contourY .

Proof. From the definition (4.35) of, one has

9
—3(V)| <
\ama( )|

< |5<Y>|{Z\7z<r)\ + ) |Wan C(supan—e“(d)\ + |—R(r>!}

yell ! deD

+/ dr H lz(»)| 1_[ ¢/ (d)WaNC(suppY)| eﬂi(F)\
Dal yer deD

Z [M(suppl") U suppM = suppY |

3 )eWV’ i) <p(M o [T e -1 (529
MeM MeM.M'#M
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The bound for|%z(l“)| is standard, see [BKU1], anki(,%e“(dn is assumed to be
bounded in Assumption 7. For the other terms we have to control clusters of loops.
Since we have exponential decay f@§) with any strength (by taking large and| T ||
small), we have the same fg%z(é) (by takingg larger and| T || smaller). The integrals
overC can be estimated as blefore, the only effect of the derivative being an extra factor
n (when the clusters haveloops). O

6. Expectation Values of Local Observables and Construction of Pure States

So far we have obtained an expression (4.36) for the partition funﬁﬁ)eﬁ of the
guantum model on torua in terms of that of a classical lattice contour model with the
weights of the contours showing an exponential decay with respect to their length. Using
the same weights(Y), we can also introduce the partition functicﬂ‘r,é( 1) With the torus
A replaced by a hypercub&(L) and with fixed boundary conditions Namely, we
take simply the sum only over those collectign®f contours whose external contours
are labeled byl and are not close to the boundafyNotice, however, that here we
are defininngi\(L) directly in terms of the classical contour model, without ensuring
existence of corresponding partition function for the original model. We will use these
partition functions only as a tool for proving our theorems that are stated directly in
terms of quantum models.

To be more precise, we can extend the definition even more and consider, instead
of the torusA, any finite setv ¢ L = Z" x {0,1,..., N — 1}P®" There is a class
of contours that can be viewed as having their support contain®d dn L. For any
such contouy we introduce its interior InY’ as the union of all finite components of
L\ suppY and Int;Y as the union of all components of Iitwhose boundary is labelled
by d. Recalling that we assumed> 2, we note that the sdt \ (suppY U IntY) is
a connected set, implying that the lakgl(-) is constant on the boundary of the set
V(Y) = suppY U Int Y. We say that’ is ad-contour, ifay = d on this boundary. Two
contoursty andY’ are callednutually externalf V(Y)NV (Y’) = @. Given an admissible
set) of contours, we say that € ) is anexternal contoun ), if suppY NV (Y’) = ¢
forall Y € ), Y’ # Y. The setsy contributing toZ@ are such that all their external
contours arel/-contours and disty, V) > 1 for everyY € ).

In this way we find ourselves exactly in the setting of standard Pirogov—Sinai theory,
or rather, the reformulation for “thin slab” (cylindér of fixed temporal sizeV) as
presented in Sects. 5-7 and Appendix of [BKU1]. In particular, for sufficiently I&rge

and sufficiently smal|| T || + Z;;ll ||31MT||, there exist functiong?*(d), metastable

free energies, such that the condition Re(d) = fo, with fo = ff”‘ defined by
fo = mingcp Re fA:#(d"), characterizes the existence of pure stable pliasamely,
as will be shown next, a pure stable phae)% exists and is close to the pure ground
state|d).

There is one subtlety in the definition ¢f*(d). Namely, after choosing a suitable
Bo, given, there exist several paitg, N) such tha € (Bo, 280) andN = B. To be
specific, we may agree to choose among them that one with maimBhe function
fP1(d) isthen uniquely defined for eagh> Bo. Notice, however, that while increasing
B, we pass, at the particular valge = N Bo, from discretization of temporal siz&

13 In the terminology of Pirogov—Sinai theory we rather mekinted partition functions- see the more
precise definition below.
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to N 4 1. As a result, the functiorf?-*(d) might be discontinuous dty with 8 = oo
being an accumulation point of such discontinuities. Nevertheless, these discontinuities
are harmless. They can appear only wherfRé (d) > fo and do not change anything
in the following argument.

Before we come to the construction of pure stable phases, notice that the first claim of
Theorem 2.2 (equality ofp with the limiting free energy) is now a direct consequence
of the bound

ZKer_ |Q|e—,§foNLv < e—ﬁfoNLv O(e—constL) (6.1)

[cf. [BKU1], (7.14)]. HereQ = {d; Re fA-*(d) = fo}.
The expectation value of a local observaklés defined as

()P — Tr K e AHa

T 52

In Sect. 4 we have obtained a contour expressioriZf)Eﬁr = Tr e #Hr _ We retrace
here the same steps @ (K) := Tr K e #/a . The Duhamel expansion (4.1) for
ZX¥(K) leads to an equation analogous to (4.2),

Zper(K) Z Z Z / ...dt,n(n9\|K|”}\>

m>0p 0 n"’ O<tp<...<tp<p

1 2 0
e YN (n} | Ta, [n}) € TWVACR) (0| Ta, [n]) € PTTOVAUL) L (6.3)

Configurationsn% andn}\ match onA \ suppK (suppK C A is a finite set due to the

locality of K), but may differ on supi if K is an operator with non-zero off-diagonal
terms. LetQ, (K) be the set of quantum configurations withy (t) that is constant

except possibly at?” ;(A; x ;) U (suppK x 0). Then

ZR¥(K) = f dor, (nQ| K In})p(@r,). (6.4)
OA(K)

We identify loops with the same iteration scheme as in Sect. 4, starting with the set
B© () U(suppK x 0) instead ofB© (w) only. This leads to the s@&X (w). Removing
the loops, we defineBé‘(w), whose connected components form quantum contours.
There is one special quantum contour, namely that which containskSwpp. Let us
denote it byy X and define its weight [see (4.28)]

m
K K K K
K = (0 ook (CO K Indyoo (HO) [ [nh, (ri — O)| Ta, Iny (i +0))
i=1

exp{—/Bd(x,z)n(n{,fx)(z))}. (6.5)

LetI'® = {yX 1, ..., y) be an admissible set of quantum contours, defining a quan-

tum conﬂguratloraoF € QA (K). Thenwe have an expression similar to that of Lemma
4.4,
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err(K) =/ drk l_[ eilwd(rK)le(d)ZK(VK) 1_[ z(y) eR(FK) , (6.6)
DA (K) deD yelK\{yK}

with R(I'X) as in (4.29) with" replaced by X .
Next step is to discretize the lattice, to exparfd’é ) , and if Y X is the contour that
contains sup x 0 C LL,, to defings® (Y X) [see (4.35)]:

50k :/ drk 2K (K 1—[ 2(y) 1—[ e Wa(T*¥)NC (suppr ©)| gR(I)
DA(YK) yEFK\{)/K} dED

> " 1[M(suppr® UsuppM = suppr ©] T] (e#MTH _ 1) (6.7)
M MeM

We also need a bound fgX (YX). It is clear that the situation is the same as for

Lemmas 5.1 and 5.2, except for a facmﬁjppK(—Oﬂ K |ngfppK(-|-0)) that is bounded
by || K ||. We can thus summarize:

Lemma 6.1. Under Assum~ption~s 1-6, for amy< oo, there existBo, o < oo, and
g0 > Osuch thatif8 > Bo, Bo < B < 2Bp and||T|, €1, £2 < &g, we have

B K
Ky = ) [[ e se@MaDiEwky  T] 30, (6.8)
VE={YK 11,... 1)} deD YeYK\{rk}

for every local observabl&, with

B K, _ vk
|3K(YK)| < ||K | €°18UPPKT g xeol Y| gelY T
for any contoury X,

In a similar manner as at the beginning of this section, we can introﬁ@CK) for
anyV c L by restricting ourselves in the sum (6.8) to the collectipis whose all
external contours aré-contours and disty, 8V) > 1 for everyY € YX. Thus we can
definethe expectation value

d
Kyl = 20
ZV

(6.9)

foranyV c L and, in particular, the expectatia}K)‘j\(L) for a hypercube\ (L).

Again, this is exactly the setting discussed in detail in [BKU1]. We can use directly
the corresponding results (cf. [BKU1], Lemma 6.1) to prove first that the limiting state
(-)’é exists. Further, retracing the proof of Theorem 2.2 in [BKU1] we prove that the
limit

Tr K e PHa
KPP = lim ———— 6.10
(Kp A 7y Tr e PHa (6.10)
exists for every locak (proving thus Theorem 2.1). Moreover,
1
(K)p* = ] (K) (6.11)

deQ
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where, againQ denotes the set of stable phas@s= {d; Re f#*(d) = fo}. Thus we
proved the claim d) of Theorem 2.2.

Also the assertion c) follows in standard manner from the contour representation
employing directly the exponential decay of contour activities and the corresponding
cluster expansion [cf. [BKU1], (2.27)].

Before passing to the proof of b), we shall verify tl(}ag is actually a pure stable state

according to our definition, i.e. a limit of thermodynamically stable stt@s. this end,

let us first discuss how metastable free energiéé (d) change withu.. The standard
construction yieldsf#*(d) in the form of a sumet(d) + s#*(d), wheres?*(d) is

the free energy of “truncated” contour modj,(Y) [see [BKU1], (5.13) and (5.6)]
constructed from the labelled contour model (4.36), which is under control by cluster

expansions. As a result, we have bounds of the forte™" + ||T|| + 3"/ lH -[|) on

|sP-#(d)| as well as on the derivatives with respecitdence, in view ofAssumonn 7,
the leading behaviour is yielded ¥ (d).

Starting thus from a given potentiél* with 0* = {d € D; RefP#(d) = f§'},
one can easily add t®* a suitable “external field” that favours a chosér Q*. For
example, one can take

% (n) = dh(n) + add (n)

with 84 defined by taking4 (n) = Oforns = d ands? (n) = 1 otherwise!> Now, since
3¢"2(d) js hounded from below by a positive constant (W& — 0ford’ # d), for

anya > 0 the only stable phaseds Re (/% (d) = fég’“"" = mingcp Re fA1+2(d),

and, in the same time, R&#*%(d") > fﬂ'“’“ for d’ # d. Thus, Q"% = {d} and

()4 1w = ()51 o This state is thermodynamically stable — when adding any small
perturbation, metastable free energies will change only a little and that one corresponding
to the statel will still be the only one attaining the minimum. The fact that in the limit

of vanishing perturbation we recovev‘é’uya, as well as the fact that

follows by inspecting the contour representations of the corresponding expectations and
observing that it can be expressed in terms of converging cluster expansions whose terms
depend smoothly oa as well as on the additional perturbation.

To prove, fmally, the claim b) of Theorem 2.2, it suffices to show that it is valid for
Hpi o= )ﬂ ..o fOr everya > 0. Abbreviating-) e; = (-)P'andH\"* = Hx, we
first notice that the expectation value of the prOJector onto the conﬂgumborsuppK

P;’uppK = |dsuppk ) {dsuppk | , is close to 1, since its complemeiit — uppK))per

((1— uppK)) is related to the presence of a contour intersecting or surrounding&supp
(loops intersecting supk x {0} are considered here as part of quantum contours), whose
weight is small. More precisely, for ay> 0 we have

(1 — P&ppx)) P < 8ISUPPK |,

14 Recall that, up to now, the sta(te‘é is defined only in terms of the contour representation [see (6.9), (6.8),
and (4.36)], and the only proven connection with a state of original quantum model is the equality (6.11).
15 Actually, we can restric&ﬁ only to a particular type of set$ — for example all hypercubes of side
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whenevel|T||, e1, &2 are small enough angl large enough. Furthermore,

—BH
KPuppKe FHANY +

1
per _ d
<K>A Zper[Tr (PsuppK

T (1= Pehppi) K Plppic € P10 ) +Tr (K (@ = Pl €7974) | (6.12)

and
Tr (Péppk K Péppr € 77 ) = (dal K 1dp)Tr (Pyppr €710 )
= (dal K 1da)[Tr (€7) = Tr (@ = Pelppie) €7, (6.13)

so that we have

[(K)p — <dA|K|dA>|<|<dA|K|dA>|<<1 Péppx ) h

+ (1 = PLopi) K Paoo) M|+ (K@ = PLop )R (6.14)

The mapping K, K') — (KTK’)}®, with any two local operator&, K, is a scalar
product; therefore the Schwarz mequality yields
>per

(KR = (dal K 1da)] < [(dal K 1da) {1 = P&or)

1 1
(«1 uppK)>per) <[<PguppKKTKPguppK>per]? + [<KTK>Rer]Z)
<K (@ = Peppr ) 8+ 2(4(0 = Pl B ]

< IIK [[ISuppK | (8 + 252). (6.15)

The proof of the remaining Theorem 2.3 is a standard application of the implicit func-
tion theorem. Thus, for example, the pojrg of maximal coexistence, Refo(d) =
Re fA:1o(q’) for every paird,d’ € D, can be viewed as the solution of the vector

equaliony (jio) = 0, With f (4) = (Re.f(d)) ~ Re S (@), Now, f = +,
e(p) = (e"(d;) — e (d,))Z1, s(n) = (ResP#(d;) —ResP: “(d ))l 1, with [|s|| as well
as| 2 | bounded by a small constant ori| + Y/_1 | 2 | is sufficiently small and

Bis sufflc:lently large. The existence of a unique solumﬂe U then follows once we
notice the existence of the solutipry € U/ of the equatiore(ig) = 0 (equivalent with
eto(d) = eMo(d"), d, d" € D) and the fact that the mapping

9
Tin— A‘l(£|ﬂzﬂo(u — o) — f(1)

with A~1 the matrix inverse tc(g—Z) is a contraction. To this end it is enough just to
recall Assumption 7 and the bounds g (d), d € D, and its derivatives.
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A. General Expression for the Effective Potential

It is actually a cumbersome task to write down a compact formula for the effective
potential in the general case. A lot of notation has to be introduced, and one pays for the
generality by the fact that the resulting formulae look rather obscure; nevertheless, the
logic behind the following definitions and equations appeared rather naturally along the
steps in Sect. 4. We would like to stress that for typical concrete models, it is entirely
sufficient to restrict to the effective potential due to at most 4 transitions, and we can
content ourselves with Egs. (2.8)—(2.10).

We assume that a list of sequences of quantum transitiolss given to represent
the leading quantum fluctuations. The particular choic& depends on properties of
the considered model. Often the obvious choice like “any sequence of transitions not
surpassing a given order” is sufficient. In the general case, certain conditions (specified
in Assumption 5) involvingS are to be met. For anyy € G 4, the effective potential
is defined to equal

Gagn=—Y = Y )

n2 17 ke > 2(AL AL AZLLAY DES

n ki
i il i ki—1 i j—1
Z T(AY, ..., AL ngaAs ... 0 gA\A)[ 'y TA; |”i4l>]

=i i i,k;j—1 =
i=1 ”’Al ’’’’’ "lAl ¢Ga j=1

ki—1 ) ) .
/ dei...dt [ 1_[ o~ U1 ) Lrvgmcal ®x (1)~ Px (8ugen)] ] }
_OO<T:{<...<T]£I_ <00 ! j:l

I{min; ;i <0and max;zi >0
[min.; 7 it ]<pT(B1,...B,1). (A.1)

ma; ; 7} — min; ; 7

To begin to decode this formula, notice first that the second sum is over all sequences

(AL - Al A2 .., A}, of transitions that are in the list and are just covering the
setA, Ui’jzaj- = A. The sum in the braces (for a givén= 1, ...,n) is taken over
collections of configurations’;’, ..., n}™* ¢ G, with n’0 = n'}} = g4, while

the integral is taken over “times” attributed to transitions, with the energy term in the
exponent taken over the sét = U’;":l AL

Finally, there are some restrictions on the sums and integrals encoded in functions
I [min,-’j v/ <0and may; r}>0]

ot T ¢T(By....By), and ZI(Aj ... AL:nS'gaa....,
n’/;k"*lgA\A). The easiest is the first one. One just assumes that the interval between
the first and the last of concerned “times” contains the origin and the integrand is di-
vided by the length of this interval. The functied (B1, ... B,) in terms of the sets

B = Al x [t1, r,;_] CZ’ x [—oo,0¢],i = 1,...,n, is the standard factor from the
theory of cluster expansions defined as

1 ifn=1

T
By, ..., By) = . .
v (B ) > 6. jyeg(—1[Bi U B; is connected) if n > 2
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with the sum over all connected grapfiof n vertices. Connectedness of a &itc

7' x [—o0, oo] is defined by combining connection in continuous direction with con-
nection in slicedx|(x, T) € B} C Z" through pairs of sites of distance one. The most
difficult to define is the restriction given by the functi@nthat characterizes whether

the collection of transitions is connected, in some generalized sense, through the inter-
twining configurations. A consolation might be that in lowest orders it is always true.
Namely, whenevet < 5,

(A1, ..., A ndigavas - " tgana)
o . i )
_ |1 ifu;A; is connected anfis_y(n’y | Ta, |n’)) #0 (A.2)
0 if U;A; is not connected.

To define it in a general case, considey, ..., Ay € Z' andnt, ..., nf~1 e Q7.
Taking A = UyeaU(x) andE(n) = {x € A : nyy) # guw) foranyg € G}, we
consider the seb© c 7'+,

BO = jLiJl[Aj x (2j — 2}] U’;L;Ji[E(nj) x (2j — 1}].

Think of layers, one on top of another — configurations on odd levels interspersed with
transitions on even levels. The ) decomposes into connected componehts, =

U > 1B . ToanyB?, definethe bos\” c Z'+! as the smallest rectangle containing
BY. Then letB® = U, 1 B, decompose into connected componehtd —

Ur>a éél), and repeat the procedure until no change occurs any more, i.eB{fhti=

U1 Bém). The functionZ characterizes whether this final set, the result of the above
construction, is connected or not,

1 if B™ is connected

A.3
0 otherwise. (A.3)

I(Al,...,Ak;nl,...,nk_l)={

Equations (2.8)—(2.10) are obtained from the general expression (A.1) by considering
the cases with one ortwo loops (ize= 1, 2), each loop having no more than 4 transitions
(ki < 4).
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