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THE MODEL OF INTERACTING SPATIAL PERMUTATIONS
AND ITS RELATION TO THE BOSE GAS
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Abstract. The model of spatial permutations is related to the Feynman- Kac
representation of the Bose gas. The transition to in nite cy  cles corresponds to
Bose-Einstein condensation. We review the general setting and some results,
and we derive a multi-body interaction between permutation jumps, that is
due to the original interactions between quantum particles
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1. Introduction

One purpose of this article is to review the setting for the malel of spatial permu-
tations and its relation with the quantum Bose gas, and to summarize esme of the
material presented in a recent collaboration with Volker Betz [2]. Another purpose
is to compute the e ective interaction between permutation jumps. It involves the
original interaction potential between quantum particles. While several mathemat-
ical questions remain unanswered, it is argued that the modeof interacting spatial
permutations describes the quantum interacting Bose gagxactly, and in a simpler
way. The main phenomenon in bosonic systems is thBose-Einstein condensation
We discuss the links between this phase transition and the amrrence ofin nite
cyclesin random permutations.

ments with weight

W

exp  Aixi X it

i=1
Permutation jumps are essentially nite, but permutation c ycles can be large. This
model is illustrated in Fig. Il It is motivated in large part b y the Feynman-Kac
representation of the Bose gas. We actually discuss a more geral setting where
permutation jumps interact.

The precise setting is introduced in Section[R2. We recall theFeynman-Kac
representation of the Bose gas in Sectiofll3; it makes the refian between the ideal
Bose gas and non-interacting spatial permutations clear. hie two-body interaction
between permutation jumps, that is expected to give the exatbehaviour to lowest
order in the strength of the particle interactions, is computed in Section[4. Finally,
we describe a simple model of interacting permutations in Sgtion Bl It is exactly
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Figure 1. lllustration for a random set of points x =

(X1;:::;%XN), and for a permutation 2 Sy . Isolated points are
sent onto themselves. Permutation jumps are small, but longcycles
can occur nonetheless.

solvable, and it provides some understanding about the e ets of interactions on
the Bose-Einstein condensation.

2. The model of spatial permutations

Let RY be a cube of size. and volumeV = LY and let N 2 N. The state
space of the model of spatial permutations is
N = N Sy; (2.1)

with Sy the symmetric group of permutations of N elements. We are interested
in the properties of permutations, and all our random variables are functions

Sn ! R. Their probability distributions depend on spatial variab les in an indirect

but essential way. Let *j( ) denote the length of the cycle that containsi, i.e. the

smallest integern 1 such that "(i) = i. The most important random variable

is the density of points in cycles of certain lengths. Forn;n®2 N, let

O/Q];no()zé# i=1;::;N:n () n%: (2.2)
The expectation of the random variazble is de ned by
— 1 X H(x; ).
E;N()—m Ndx N ()e : (2.3)

Here, the normalization factor Z( ;N) is chosen so thatE .\ (1) = 1. The term
N ! is present in order that Z( ;N) scales like the exponential of the volume of
| thus behaving like a partition function in statistical mec hanics. The integral is

over N points in , denoted X = (Xg;:::;XN)-
We consider Hamiltonians of the form
X X
H(x; )= Xi X @y)+ V(Xii X ()i XX ) (2.4)

i=1 10 N



INTERACTING SPATIAL PERMUTATIONS AND BOSE GAS 3

with  a spherically symmetric functionRY ! [0;1 ], and V a translation invariant
function R* | R. We also suppose that is increasing and that (0) = 0. One
should think of typical permutations as involving nite jum ps, i.e.jX;j X (j)j stays
bounded as ;N I'1

The major question concerns the occurrence of in nite cycle. It turns out that
the distribution of cycles can be well characterized in the &sence of interggtions,
with the potential V 0. We need a few hypotheses on. Let C = e
We suppose that e has positive Fourier transform, which we denoteCe "(K)
Precisely, we have 7

ce 'K = e 2k g (Kdx: (2.5)
Rd

The case of physical relevance is(x) = ‘%jxj2 with  the inverse temperature, in
which case"(k) = 4 2 jkj2. But it may be of mathematical interest to consider
other functions, including some where e has bounded support. Criteria that
guarantee positivity of the Fourier transform are discusse e.g. in [6].

We de ne the critical density by .

dk
= € (2.6)
The critical density is nite for d 3, but it can be innite for d = 1;2. The
experienced physicist will have recognized the formula fothe critical density of
Bose-Einstein condensation. The relation with the Bose gavill be discussed in
the next section. In the following theorem we x the density and we letN = V
in the expectation (Z.3).

THEOREM 1. Let satisfy the assumptions above. Then foranp<a<b< 1,
and anys O,

( if ;
@ Jim E.v v 7
() Jim E v (O/Q,a;\,b):g;
20 if ¢
(c) Vli!|l”n E v (%oev)= S if0 s ¢
) c Iif0 ¢ S

In order to understand the meaning of these claims, one shodlthink of a as
barely bigger than 0, andb barely smaller than 1. In part (a), % . is the density of
points in nite cycles. All points belong to nite cycles if c. However, if >
a fraction ¢ of points belong to in nite cycles. It is natural to ask onesdves
about the size of \in nite cycles" in a nite domain of volume L% = V. One could
expect the typical length to be of order L?, since the continuum limit of random
walks has Hausdor dimension 2, and cycles are somewhat likelosed random walks.
However, part (b) shows that cycles of lengthV?, with 0 < b < 1, have vanishing
density. Thus in nite cycles are macroscopic i.e. each cycle involves a strictly
positive fraction of points. The statistics of macroscopiccycles is characterized in
part (c).

The proof of Theorem[1 can be found in[[2]. Actually, the corret statement
involves periodic boundary conditions; the interested reder is invited to look in [2]
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for the precise statement. TheoreniIl extends an earlier re$tuof Sut) for the ideal
Bose gasl[13].

cubic lattice. The density is always equal to 1, but the function (x) depends on a
parameter that represents the temperature of the system. lItis found numerically
that the critical temperature for the occurrence of in nite cycles is close but di erent
from that of the ideal Bose gas. Many properties are similarhowever; in nite cycles
are also macroscopic. A surprising fact is that the expectabn of the length of the
longest cycle seems to be identical to that in the ideal Boseas; this suggests that
the distribution of macroscopic cycles may be the same.

3. Feynman-Kac representation of the Bose gas

The Feynman-Kac formula relates the kernel of e # |, with H a Schmdinger
operator, to the Brownian motion, whose mathematical expression is the Wiener
measure. It seems to have rst appeared in[]3], precisely inhe context of bosonic
systems and in the discussion of cycles. Ginibre wrote an egient mathematical
introduction to the Wiener measure, the Feynman-Kac formula, and its application
to bosonic systems[]b]. We review these notions here withounhtroducing the full
mathematical setting, but all equations below can be justi ed with a bit of analysis.
In particular, we do not discuss the details arising from the boundary conditions;
as usual in statistical mechanics, they are irrelevant for &rge systems.

Let RY be a cube of sizel, and let g denote the normalized Gaussian
function
= 1 i xj?=2 .
g (x) = WeJ X : (3.1)
It is not hard to checkzthat
Os(Xx  a)g(x bdx=gst(a b); (3.2)
and that, after iteration,
z %
1dX2:::an O(Xi+1  Xi &)= Ont Xn+1 X1 - T (3.3)
" i=1
LetH = + U be a Schmdinger operator inL?(), with the Laplacian and

U a smooth real function. This operator is unbounded and we neg to specify its
domain. We can choose the space df? functions on with Dirichlet boundary
conditions. Then H is symmetric and we consider its self-adjoint extension. Of
relevance to statistical mechanics is the operator et . It is a nice operator,
bounded and compact, but these properties are not importanthere. The Feynman-
Kac formula states that (with Xp+1  X31)
z hyn i n X 0
dxp:iiidXn  Ge=n (Xi+sr  Xi) €Xp - U(xi)
i=1 i=1
N Z, ! o (3.4)
dx exp 1 U ! (s)ds dw2 (!):
0

Tre M

= lim
nl1 N
Z

Here,! is a Brownian bridge starting and ending atx and traveling in time 2 , and
W2, is the Wiener measure. In the second line we should restrictte paths to stay
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inside , because of Dirichlet boundary conditions; we negkct these technicalities,
however.

Let us turn to the description of bosonic systems. The state pace forN quan-
tum bosons in a domain RY is the subspacel_gym( N of symmetric complex
functions of N variables. The Hamiltonian is given by the Schredinger ope&ator

X X
H = i+ U(x; Xj)l (3.5)
i=1 10 N
Here, ; denotes thed-dimensional Laplacian for thei-th variable, and U(x;  X;)
is a multiplication operator that represents the interacti on between particlesi and
j .- We always suppose thatU(x) 0. We can choose the self-adjoint extension
of H that corresponds to Dirichlet boundary conditions. Of course, the sum of
N Laplacians in ¢ can be viewed as a Laplacian in 9N, so we can apply the
Feynman-Kac formula.
The canonical partition function is equal to

Trig, (vye " =Tz w)Pee " (3.6)
where P, is the projector onto symmetric functions,
. 1 X
Pie' (X151 Xn) = NI (X @inX () (3.7)
" o2sy

Using this projection and the Feynman-Kac formula, the partition function of
the Bose gas can be written as

1 X o/
Tre " = N dx e H0x). (3.8)
H N 254
with the Gibbs factor given by
. hw Z i n X Zo2 o)
e H(x) = dwe,  (1i) exp 3 U!ti(s) !i(s) ds :
i=1 16 N O

(3.9)
This formula is illustrated in Fig. ZJ] It involves spatial po sitions and permutations
of these positions.
In the case of the ideal gaslU 0, the paths no longer interact and the Wiener
integrals in (8.9) can be computed. We nd that

e M) =(4 ) dN=2g HO(x1) (3.10)
with
HO(x; )= L X XX 3.11
) = 4— - i (i) - ( . )
The prefactor in (8:10) plays no réle in expectations of rarom variables and it can
be ignored. Thus the ideal Bose gas is equivalent to the \ideld model of spatial
permutations with Gaussian weights. Random variables of pamutations have same
distribution in both models, and the transition to in nite ¢ ycles takes place at the
same critical density.
The equivalence between the occurrence of in nite cycles ahBose-Einstein con-
densation is an open problem. Itis known to be true in the idedgas, see[12, 13, 15],
but it does not seem to be true in strongly interacting systens in a solid phase.
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Figure 2. Feynman-Kac representation of a gas oN bosons. The
horizontal plane represents thed spatial dimensions, and the ver-
tical axis is the imaginary time dimension. The picture shows ve
particles and two cycles, of respective length 4 and 1.

Pollock and Ceperley have argued that super uidity is related to spatially winding
cycles [11]. Such cycles are clearly in nite in the thermodyamic limit. On the
other hand, we know from Theorem1 that in nite cycles are maaoscopic (i.e. they
have strictly positive density), so they certainly have non-zero winding number.
In nite and winding cycles should therefore be equivalent. Super uidity is by no
means equivalent to Bose-Einstein condensation. These fe&cbring some level of
confusion and we can only hope that they will be clari ed in the future.

However, it is expected that, in dimensiond 3, weakly interacting bosonic
systems have thesame critical density for Bose-Einstein condensation, super uidity,
in nite cycles, and winding cycles. Hereafter, we study the occurrence of in nite
cycles in the weakly interacting regime, and we implicitly assume that they reveal
a Bose-Einstein condensation.

4. Exact two-body interaction for permutation jumps

4.1. Expansion of path interactions. The two-body interactions between quan-
tum particles translate into many-body interactions for permutations. But we can
perform an expansion and see that, to lowest order, we obtaim two-body interac-
tion between permutation jumps. R

Let Wy, = g L(x Y)Wy, be a Wiener measure normalized such that d®/y., (! ) =
1. From (39), we have

e M) =(g ) dN=2g HO (i) g HO 0) 4.1)

with H© given by (3.11), and

hy Z [
e Y () = ¥ dWe (1) Y e 10U ® 1 s
i (i)
i=1 1 i N
oyt Z Ly (4.2)
= dWx () 1 (o)
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The last product is over bondsb = fi;jgwith i 6 j. Fori < |, we dened
lp=1 !,—,and

R
(lp)=1 e 2o Ylsds, (4.3)
Expanding the product in (4.2), we have
o . hy? NG D X K
e M) = a2, () (D (o) (44)
i=1 k=0 fbi;isbggm=1

We rst perform the expansion in a somewhat cavalier fashion We will be more
precise in Section 4.2, where we will check that we have idenéd the leading order.
Let by = fim;jmg. Letus assume thatb \ b, = ; for all * 6 m; then

hy 2 Y *
de, () ('on)= VXX (in)iXin:X () (45)

i=1 m=1 m=1

where the potential V has beeg de ned byZ
VOGYix%y) = dWE (1) dWEe(t 9 1O (4.6)

This is the two-body interaction between jumps x 7! y and x° 7! y% The expression
(4.6) can be simplied, see Eq. (4.24) below. We use the ideity (4.5) for all

it assumes that either the terms with intersecting by, 's are not important, or that
their contribution is close to (4.5). We obtain

HO (x; ) X k X ¥ . . . .
e (1) V (Xim i X (i) Xim i X (1)) (4.7)

Ignoring the possibility that a same bond may occur several imes, we get

eH(l)(X:) X ( 1)k X YK

VXin X (in)i Xjm X (im))
k On )?1;:::;bk m=1 o (4.8)
=exp V(XX (i) Xj5X ()
15 N
These approximations suggest that, to lowest order in the stength of the interac-

tion, the multi-body interaction arising from the Feynman- Kac representation can
be approximated by the two-body interaction de ned in (4.6).

4.2. Cluster expansion. It is not clear that the approximations above have pro-
duced the correct terms, that are exact to lowest order. In this section we perform
a cluster expansion. It cannot be entirely justi ed from a mathematical point of
view, but it nevertheless clari es the approximations.

graph is connected. Let supB = [ p2gb. We say that B and B? are compatible
if their supports are disjoint, suppB \ suppB® = ;. Then the sum over sets of
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bonds in (4.4) can be written as a sum over connected and mutdly compatible

B's, namely

X 1 X Y h
51

X X YK Y [
( ¥ ('b)= ( 1y®nl (o) :

k 0 foynbgm=1 0 " BpuzB. m=1 b2Bm
compatible
(4.9)
The contribution of compatible B's factor%zes. For a connectedB, let us introduce
h v iy
s(x; )=( 1)® dvs, () () (4.10)
i2supp B b2 B

Notice that g (x; ) depends only on positionsx; and x (;y for i 2 suppB. Then
we have

e HV G = B, (X; ): (4.11)
0 " BipB- m=1
compatible

We now apply the cluster expansion method, see e.g. [9, 14]rfoeferences. Given

By;:::;B, let' (B1;:::;B") be the following combinatorial function:
21 X if ~ =1,
' (By;::;B) = 1| (1% i 2 (4.12)

The cluster expansion yields a convergent series for the lagithm of (4.11), hence
for HO . Precisely,

X X Y
HO(x; )= " (B1;::::BY) B, (X; ): (4.13)
1BgiB - m=1
Let iq;:::;ix be distinct indices. The previous equation suggests to de e the
k-body interaction by
" . X X . \d
VE (XX 19)% = (B1;:::;Bm) B (X )
m 1 B1;:iB m =1
[~ suppB-=fig;iikg
(4.14)
Then H® is given by
X X
HO(x; )= VO (xi5x o)y (4.15)

k 21 i1< <igx N

Everything here is exact, and it is rigorous provided we can pove the absolute
convergence of the series of cluster terms in (4.13). A su aént criterion is that,
for any i, X

j B(x;)je’® a (4.16)
B; supp B3i
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for some constanta > 0. See e.g. [9, 14] for concise statements about cluster expa
sions. The sum above involves bonds whose positions are faway. In order to get
such an estimate, one needs to control spatial decay. It depels on permutations,
and there are combinatorial di culties.

We conclude this subsection by discussing various estimasefor the terms above.
Usingl e * x, we have that

K ke =sup (!) KUk : (4.17)
|

The interesting regime of parameters is 1=T andU! 0, so is arbitrarily
small. If the potential U is a hard-core with small radius, thenk k; = 1, but
k kpis small forp < 1 . We also have that, for anyB, x, and ,

ie0G i ko KE: (4.18)

Consider the series (4.14) for the poterBiaI at orderk. The setsBj;:::;Bp, that

contribute to lowest order are such that . jB-j= k 1. It follows that V& is of
orderk k& 1.

We can extract the lowest order term. The expression folV @ (x;; x M XX (jy)

involves terms of arbitrary orders. But we only need to consiler g with B

containing the single bondb = fi;j g. We then obtain the potential V de ned in
(4.6).

4.3. A simpler expression for the interaction. We now seek to simplify the
formula (4.6). Namely, we can replace the two integrals oveBrownian bridges by
a single integral, which will lead to the nicer formula (4.24). We have

Z Z Z

dW3, (1) dWa,e(t9 (! 19 = lim dxz::idx, dx9:i:dx?
nll 2(n 1)
hyn ih n X oi
B =n (Xiv1  Xi)%=n (Xi0+l Xio) 1 exp n U (X Xio) (4.19)
i=1 i=1
with X1 = X, Xn+1 = Y, X§ = x% x9,, = y% Let us introduce z = x;  xP. It is not
hard to check that

Goon (Xist X)Go=n (XM X)) = Oon (Xisz X 3Zivt + 320) Qu=n (21 Z):

(4.20)
Substituting into (4.19), we get
z hy ih n X oi
nIlilm dz,:::dz, Oa=n (Zisr zZ)) 1 exp - U(z)
' not . i=1 . i=1

dxp:iidXn  Q=n (Xisn  Xi 3Zia + 32) (4.21)
not i=1

Using Eq. (3.3), the last line is equal to
gy x 3v ¥ x+x) =g 3y+y* x xH:
The rst line of (4.21) yields an integral over Brownian path s. Then (4.21) is equal
to
z

g Ly+y® x x) 1 eio UEOMs gwd ) (4.22)

X X0
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Finally, we have the following identity, similar to (4.20)

2y ¥ ¢ Y=g z0+y° x xYay y x+x) (4293
Recall that the two-body interaction de ned in (4.6) involv es normalized Wiener
measures. Putting normalizations back, we get the followilg elegant formula for
the interaction between jumps x 7! y and x°7! y°,

-
[

. R

V(X;y;XO;yO): 1 e 4 04 Ut (s)ds dW;’ X0y yo(! ): (424)

It would be useful to obtain a closed form expression in term®f special functions,
if it is possible. When U consists of a hard-core potential of radiusa, V (x;y; x%y9
is equal to the probability that a Brownian bridge, starting at x x°and ending at
y Y9 intersects the ball of radius a centered at 0.

4.4. E ect of interactions on the critical temperature. The model of spa-
tial permutations should help to clarify the e ects of inter actions on the critical
temperature of Bose-Einstein condensation.

Let T&? be the critical temperature for Bose-Einstein condensatio as a function
of the scattering length a of the interaction potential U between quantum particles.
It is believed that Téa) behaves in three dimensions as

Téa) TéO)

o =C =Ba+ o 2a); (4.25)
C

with ¢ a universal constant that does not depend on the mass of particles or on th
interactions. The value and even the sign ofc has been contested in the physics
literature, although a consensus has recently emerged that 1:3. See [1, 7, 8, 10]
and references therein.

The model of spatial permutations is clearly simpler than the Feynman-Kac
representation of the Bose gas, and is therefore better sietd to Monte-Carlo simu-
lations. More importantly, we expect that this model, with t he interaction (4.24), is
exactlyrelated to the original quantum boson model, to lowest orderin a. Numerical
simulations should allow to determine the constantc in the model of permutations
with high precision, and with high con dence. It should be identical to the universal
constant of (4.25) for the interacting Bose gas.

5. A simple model of interacting spatial permutations

In this nal section, we discuss a simple model of interactirg spatial permuta-
tions that was introduced in [2]. We consider only interactions between permutation
jumps of 2-cycles, arguably the most important. The resulthg model is exactly solv-
able, and it provides a heuristic description for the shift in the critical temperature
of the Bose-Einstein condensation.

The approximation consists in replacing the Hamiltonian (2.4) by

1 X

X
T xoxeitt V(Xi X)X Xi): (5.1)
i=1 1 i N
(=10 G)=i
The interaction term V() is given by (4.24) as before. From now on, all com-
putations will be exact, at least to lowest order in the scattering length of the

H(x; )=
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original potential U. We consider the three-dimensional case, obviously the mos
interesting. A computation shows that

2a

V(XYY X) = - _+ 0(a?): 5.2
(Gyiyix) = 5=+ Ofa) (5.2)
The lowest order term in the right side does not depend on , surprisingly. The

expectation of a random variable of permutationg is given by(2.3),

1 x X3 .
SO zoww O LT 63

We now substitute i with the following simpler Hamiltonian H( ):

(Vfy- \ = 1 X ; ) .
HY2(x; )= —  ixi X @i+ N2(); (5.4)
i=1
with N2( ) denoting the number of 2-cycles in the permutation . The substitution
is exact provided that, for any given perrr%utation ,

Z
dxe HOG) = dxe H 0, (5.5)

N N

Isolaténg the contribution of 2-cycles, this equzation reduces to

1 i2 oy 1 i2
dx,dx, e 2z X X2l V(X1:X2:X2:X1) — dx,dx, e 2 X1 X2l : (5.6)
2 2

With V() in (5.2), we nd that

8 1=2
= — a+ 0(a%): (5.7)
We now compute the pressure of the model with HamiltonianH ¢ ). The grand-
canonical partition function is given by
X N X Cyom
z%; ;)= dxe M () (5.8)

N!
N O 25y "

It is convenient to work in the Fourier space. Let us introduce a new partition
function,

X N X X N 2O) W -
Z(; ;)= NT e "2 e " vk, (B9
N O Tokipik N 2 2S i=1
Here, = LlZ3 is the dual lattice. The thermodynamic pressure is de ned by
1
(V- Y= Ji - .
Pl )= lim v logZ(; ;) (5.10)

One can verify that the partition functions Z and Z°di er in two respects only.
First, a normalization is missing, which results in a shift of the chemical potential.
Second,Z has been de ned with periodic boundary conditions, unlike Z° (where
boundary conditions are neither periodic, nor Dirichlet). But both partition func-
tions yield the same thermodynamics; precisely,

; 1 . - y=rpn() - 3 .
Vl!lin VlogZ(, ;)=p ; + 5-log(d ) (5.11)
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We now compute p{ ). Introducing occupation numbers, (5.9) becomes

X Y L X 1
7(: )= e (2ki® )y —e Nl (5.12)
(N2 k2 k2Sn, Mk
We decomposed the permutation into permutations ( ) for each Fourier mode,
and we also used X
N2o( )= N2( «): (5.13)
k2
Notice that the chemical potential needs to be strictly negaive, as in the ideal gas.
We get

X o X 1

log e (@2kji= n —e N20) (514
n!
k2 n 0 2S,
Let us compute the brack@t above. For given 2 S, let r; denote the number of
cycles of lengthj. Then i jrj = n, and the number of permutations for given
(rj) is equal to
.Y .
n! jirk
i1

The bracket in (5.14) is equal to

P
X1 X n' (2ki* ) ity g T2
| ) ifir:!
noo Mmoo 1 1IN
ijr,-:n
X Y X
= Loagidex on S Lagagek )
_ rl ! rol 2
rira;ra; 0j=1;3;4;:: r, 0
: 140 (2kj%2 ) 1,4 2 (j2kj2 ) °
= exp ]__eJ j2k j +1le 2k j
j=1;3;4;::
n o]

=exp log(l e (2K )y le2G2ki® (1 e )

This can be inserted into (5.14). In the limit V ' 1 the expression converges to
a Riemann integral. If =0, we get the pressure of the ideal gas

1Z
PO )= = logl e 0247 ) dk (5.15)
R3
as expected. And if 6 0, we get
€
P0G =020 ) sEm s e ) (5.16)

The pressurept ) is plotted in Fig. 3 (a) as a function of . One can consider
other thermodynamic potentials as well. Recall that the free energyf ( ) is function
of the (inverse) temperature and of the density, and it is rehted to the pressure by
a Legendre transform:

fO)(; )=sup () (5.17)
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pt (s ) Tf()(; )

(@) (b)

Figure 3. The pressure and the free energy of the simple inter-
acting model in three dimensions.

One then obtains the graph depicted in Fig. 3 (b). It is strictly decreasing up to the

critical density (1= ¢ )( ), and it is constant afterwards. The critical density is
equal to the derivative of p{ ) with respectto at0 . We have
1
£)= 9 29=2 3=2 32 1 e ) (5.18)

The rst term of the right side, O s equal to the critical density of the ideal gas,
Eq. (2.6). The second term is the correction due to our simpldnteraction.

We see that { ’ is smaller than O | interactions favour Bose-Einstein con-
densation. This observation is in line with physicists' expectations. The heuristics
is particularly simple in this model: 2-cycles are penalizd and this favours all other
cycles, including in nite cycles. The latter occur therefore at a lower density. While
elementary, this heuristics may well be correct.

Let us now estimate the change in the critical temperature. sing (5.7) with

=1= c(o), we nd that, to lowest order,

Téa) éO) 3y 1 1=3
—o -3 (3) =€ a (5.19)
Te
with € = 0:37. This formula can be compared to (4.25). If we believe the alue
¢ = 1:3 found numerically, then 2-cycle interactions account ony for a fraction
of the e ect of all interactions. One could also take into acount the interactions
within 3-cycles and longer cycles; the constantwould increase a bit.
One would expect in nite cycles to occur for all densities lager than the critical
density (5.18). More precisely, Theorem 1 should remain vadl for > 0, replacing

c by (). But only a weaker claim has been proved so far.

THEOREM 2. For any b < 1,

4
i . 0 (0) .
Jm E v (%) G+xe 2 °°
Theorem 2 guarantees the existence of macroscopic cycles farge enough den-

sities. The proof can be found in [2].
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