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Motivation: Modeling Earth climate
[Ozawa et al, Rev. Geoph.41 (2003) 1018]



Linear electrical networks 
explaining MinEP/MaxEP principles
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Kirchhoff’s loop law:

Entropy production rate:

MinEPprinciple:

Stationary values of voltages
minimize the entropy 
production rate

Not valid under inhomogeneous 
temperature!
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Linear electrical networks 
explaining MinEP/MaxEPprinciples
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Kirchhoff’s current law:

Entropy production rate:

Work done by sources:

(Constrained)MaxEPprinciple:

Stationary values of currents 
maximize the entropy 
production under constraint
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Linear electrical networks 
summary of MinEP/MaxEP principles

Current law
+

Loop law

MaxEP principle
+

Current law

Loop law
+

MinEP principle
Generalized

variational principle
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From principles to fluctuation laws 
Questions and ideas

How to go beyond approximateand ad hoc
thermodynamic principles?
Inspiration from thermostatics:

Is there a nonequilibriumanalogy of 
thermodynamical fluctuation theory?

Equilibrium variational principles are intimately related 
to the structure of equilibrium fluctuations



From principles to fluctuation laws 
Equilibrium fluctuations
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Typical value
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Probability of fluctuation
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The fluctuation made typical!
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From principles to fluctuation laws 
Equilibrium fluctuations

Fluctuation
functional

Variational
functional

Thermodynamic
potential

Entropy (Generalized)
free energy



From principles to fluctuation laws 
Static versus dynamical fluctuations

Empirical time average:

Ergodic property:

Dynamicalfluctuations:

Interpolating between staticand 
dynamicalfluctuations:
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Effective model of macrofluctuations
Onsager-Machlup theory

Dynamics:

Equilibrium: 

Pathdistribution: 
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Effective model of macrofluctuations
Onsager-Machlup theory

Dynamics:
Pathdistribution: 

Dynamicalfluctuations:

(Typical immediate) entropy productionrate:

� � � � � ���
�
� �

	

� 

�

�
�

� �� �
�� � �

� � �
� � �

� � � � � �� � � � �
�� � � � �

� � � �

� � �� 
 � � � � � � � � � � � � � � � � � � ���
�
� �

� � �

� �
� � �

� �� � � � �� � �� �
�

� �
� �� �



Effective model of macrofluctuations
Onsager-Machlup theory

Dynamics:
Pathdistribution: 

Dynamicalfluctuations:

(Typical immediate) entropy productionrate:
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Towards general theory

Equilibrium Nonequilibrium

Closed
Hamiltonian dynamics

Open
Stochastic dynamics

MicroscopicMacroscopic



Linear electrical networks revisited
Dynamical fluctuations

Fluctuating dynamics:

Johnson-Nyquistnoise:

Empirical time average:

Dynamical fluctuation law:
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Linear electrical networks revisited
Dynamical fluctuations

Fluctuating dynamics:

Johnson-Nyquistnoise:

Empirical time average:

Dynamical fluctuation law:
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Stochastic models of nonequilibrium
breaking detailed balance

Local detailed balance:

Globaldetailed balance generally 
broken:

Markov dynamics:
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Stochastic models of nonequilibrium
breaking detailed balance

Local detailed balance:

Globaldetailed balance generally 
broken:

Markov dynamics:
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entropy change
in the environment
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Stochastic models of nonequilibrium
breaking detailed balance

Local detailed balance:

Globaldetailed balance generally 
broken:

Markov dynamics:
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entropy change
in the environment

breaking term
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Stochastic models of nonequilibrium
entropy production

Entropyof the system:

Meancurrents:

Mean entropy production rate:
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Stochastic models of nonequilibrium
entropy production

Entropyof the system:

Entropy fluxes:

Mean entropy production rate:
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Warning:
Only for time-reversal
symmetric observables!
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Stochastic models of nonequilibrium
MinEP principle

(“Microscopic”) MinEPprinciple:

Can we again recognize entropy production as 
a fluctuation functional?
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In the first order approximation around 
detailed balance
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