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Motivation Modeling Earth climate
[Ozawa et alRev. GeopM1 (2003) 1018]
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Linear electrical networks
explaining MinEPMaxEP principles

@ Kirchhoff's loop law:

> Ui =2 By

o Entropykproductionkrate:
o(U) = pQWU) =5 =
@ MiInEP principle:

Stationary values of voltages
minimize the entropy

production rate

@ Not valid under inhomogeneous
temperature!




Linear electrical networks
explaining MinEP/MaxERrinciples

@ Kirchhoff's current law:
2T =0
o Entropyjproduction rate: E
o(J) =BQ(J) =B ) Rl
@ Work done by sourégs:
W(J)=>_ EjrJ

jk
@ (ConstrainedMaxEPprinciple:

Stationary values of currents
maximize the entropy

production under constraint
Q(J) =W(J)




I
Linear electrical networks

summary of MinEP/MaxEP principles

MaxEP principle

+
Current law

Current law
+

Loop law

& NU, I
MInEP principle
Generalized

variational principle

Loop law




From principles to fluctuation laws

Questions and ideas

@ How to go beyondpproximateandad hoc
thermodynamic principles?

@ Inspiration from thermostatics:

@ Is there anonequilibriumanalogy of
thermodynamicafluctuation theor{



From principles to fluctuation laws

Equilibrium fluctuations

P(M(LE) — Nm) — eN[S(e’m)‘Seq(e)]

Probability of fluctuation
Typical value

H(y)— H(x) - hMiz) — Nle - hm|
The fluctuation made typical!

e s’gq(e — hm)




————————————————————
From principles to fluctuation laws

Equilibrium fluctuations

Variational
functional

Fluctuation
functional

Thermodynamit
potential



From principles to fluctuation laws

Static versus dynamical fluctuations

@ Empiricaltime average
_ T
mp = % fo m(xy) dt

mr — Meg(e), T — o0

@ Dynamicalfluctuations:
P(mr =m) = e 11(m)
@ |[nterpolating betweeataticand/
dynamicalfluctuations: [

S Y o e




Effective model of macrofluctuations
Onsager-Machlup theory

m{t)

@ Dynamics: PR dm; = —smy dt + 2RdBt

@ Equilibrium: P(ms =m) x 6
&)

S(m) = 5(0)

@ Pathdistribution:

P(w) = exp[— & [} B(dm 4 £m,)’]



Effective model of macrofluctuations
Onsager-Machlup theory

° Dynamics:Rdm; = —sm; dt + 1/ 22dB;
o Pathdistribution:

P(w) =exp[— & [7 B(4me 4 2m,)7]

o Dynamicalfluctuations:

_ Ns?
Pimr=m)=Plm;=m; 0<t<T)=exp|-T

S8R

m?|

@ (Typical immediategntropy productiomate:

o(m) = Fg) = Herm?




Effective model of macrofluctuations
Onsager-Machlup theory

° Dynamics:Rdm; = —sm; dt + 1/ 22dB;
o Pathdistribution:
P(w) = exp[— 4 [y £ + 5m)]

o Dynamicalfluctuations:
Pimr=m)=Plmi=m; 0 <t <T)=exp|-T

I(m)_i 1

o (Typical iImmediategntropy Womate:

o(m) = Fg) = Herm?




Towards general theory

> Nonequilibrium
Closed > Open
Hamiltonian dynamics Stochastic dynamics
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L iInear electrical networks revisited

Dynamical fluctuations

o Fluctuating dynamics:
E=U+RyJ + Ej -

, Ill

g 1]
J:CU+U L Y
Ry

e Johnson-Nyquighoise:

|
f _ /2R ¢ C
E; -V 7\_@ = \hite nois
@ Empiricaltime average

17T — % fOT Ut dt
e Dynamical fluctuation law:

1 T _1B1B82(R1+Ry) |U? | (E-U)” E?
T 1OgP(UT o U) 4 511;31+1ﬁ2R2 |:R1 T Ro - R1+Rz}




L iInear electrical networks revisited

Dynamical fluctuations

o Fluctuating dynamics:
E=U-+RyJ+E} 'ﬁ
. _gf |
J:CU+URE1 g
L, . I f
e Johnson-Nyquistoise: b e HEZ
f_ /2R ¢
Ei o 7@ = \white nois
@ Empiricaltime average mp
heat

UT — % fOT Ut dt
e Dynamical fluctuation law:

1 = _ 1B1B2(R1+R2) |[U?
_TlogP(UT o U) 4 511;31+1ﬁ2Rz [ 1 + Ro - Ri+Rs




————————————————————
Stochastic models of nonequilibrium

breaking detailed balance

o Localdetailed balance

log (8 = As(z,y) = —As(y, z)

o Globaldetailed balance generall
broken

As(z,y) = s(y) — s(z) + eF(z,y)

e Markov dynamics:

dp;ix) =Y [peW)k(y, x) — py(x)k(z,y)]

Y




————————————————————
Stochastic models of nonequilibrium

breaking detailed balance

o Localdetalled balance

o Globaldetailed balance generall
broken

As(z,y) = s(y) — s(z) + eF(z,y)

e Markov dynamics:

dp;im) =Y [peW)k(y, x) — py(x)k(z,y)]

Y




————————————————————
Stochastic models of nonequilibrium

breaking detailed balance

In the environment

o Globaldetailed balance generall

broken

As(r,9) = 5(9) = (0) +F o) e

o Markov dynamics: *

dp;ix) =Y [peW)k(y, x) — py(x)k(z,y)]

Y




————————————————————
Stochastic models of nonequilibrium

entropy production

9 Entropyof the system'

—Y plx)log p(x

o Meancurrents
=%@w%—M)Mww—ﬂ@M@wz

o Meanentropy production rate

o(p) = dsétpt) +% > oz, y)As(z,y)

(z,y)

=" pl)k(z, y)log ©

L,y




————————————————————
Stochastic models of nonequilibrium

entropy production

o Entropyof the system:
S(p) = = 2., p(x)log p(z)

o Entropyfluxes
Jp(x,y) = plx)k(z,y) — p(y)k(y, )

zero at detailed balance

@ Meanentropy production rate

dsS(p 1 |
(z,y) Only for time-reversal
p(x)k(z,y)
=Y p(z)k(z,y)log >0
2 Pkl ) log e

L,y



Stochastic models of nonequilibrium
MInEP principle

o (“Microscopic”) MInEP principle:

In the first order approximation around
detailed balance

o(p) =min = p=ps + O(e*)

@ Can we again recognize entropy production as
afluctuation functioné?



————————————————————
Stochastic models of nonequilibrium

dynamical fluctuations

9 Empiricaloccupation times
= = fo (wy = x) dt
9 Ergodlc theorem:
pr(z) — ps(x), T — 00
o Fluctuation lawfor occupation times?
P(pr =p)=e T1®)
@ Note I(p.) =0




————————————————————
Stochastic models of nonequilibrium

dynamical fluctuations

@ |dea Make the empirical distributioypical by
modifying dynamics
k(z,y) — ky(z,y) = k(z, y) elt@)—v@)]/2
@ The “field” vis such that distributiop is stationary
distribution for the modified dynamics:

> [p@)ko(y, 2) — p(x)ky(2,y)] =0

> Cor%paring both processes yields thetuation law

Zp ) [k(z,y) — ko(z,y)]



Recall

Equilibrium fluctuations

P(M(z) = Nm) = eNls(em)—seq(e)]

Probability of fluctuation
Typical value

Hily) - Hiz) hM(y) - Ne hn
The fluctuation made typical!

sl sé‘q(e — hm)




————————————————————
Stochastic models of nonequilibrium

dynamical fluctuations

@ |dea Make the empirical distributioypical by
modifying dynamics
k(z,y) — ky(z,y) = k(z, y) elt@)—v@)]/2
@ The “field” vis such that distributiop is stationary
distribution for the modified dynamics:

> [p@)ko(y, 2) — p(x)ky(2,y)] =0

> Cor%paring both processes yields thetuation law

Zp ) [k(z,y) — ko(z,9)]



————————————————————
Stochastic models of nonequilibrium

dynamic

Traffic mean dynamical activity: -
° ldea g _ _ Zp (z,9) + p(y)k(y, x)

mod -
k( l
@ The
distr I(p) — excess 1n traffic /

9 Cor?ﬁparing both processes yields ftluietuation law

Zp - )



————————————————————
Stochastic models of nonequilibrium

Recall: entropy production functional

9 Entropyof the system'

—Y plx)log p(x

o Meancurrents
Jp(x,y) = plx)k(z,y) — p(y)k(y, )

V.
zero at detailed balance

@ Meanentropy production rate

o(p) = dsétpt) +% > oz, y)As(z,y)

(z,y)

=" pl)k(z, y)log ©

L,y
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Stochastic models of nonequilibrium

dynamical fluctuations close to equilibrium

@ General observation:

& |n the first order approximation around
detailed balance

I(p) = 1|o(p) — a(ps)] + o(€?)

@ The variational functional is recognized as an
approximatdluctuation functional

@ A consequencd@ natural way how to gbeyond
MInEP principleis to systematically analyze
appropriate fluctuation laws




————————————————————
Stochastic models of nonequilibrium

dynamical fluctuations close to equilibrium

@ General observation:

In the first order approximation around

detailed balance

Empirical currents:
_ 1 : :
Jr(@,y) = = [#{jumps z — y in [0, TT}

— #{jumps y — =z} in [O’TH as an
y_“_ RN SRR . , .................... >
o}t s eyond

lation laws




Stochastic nr Typically,
dynamical fluctuation Jr(z,y) —

Fluctuation law: Js(z,y)
° Generalobsen  p(j._ j)— 760

Inthe it 3 \ith the fluctuation functional
detailed 1., :
G(J) = = [5(Js) — S(I)] + o(€2)

4
Empirical currents: on stationary currents satisfying
_ 1 ' .
Jr(@,y) = 7 [#{jum S(J) = D(J)
— #{]
y ........................................................
o] |zl eyond

jation laws




Stochastic i Typically.

dynamical fluctuation  J7(®¥) = ps(@)k(2,y) — ps(y)k(y, )

Fluctuation law:

@ General obsery P(Jp = J) = e TG Entropy flux

In the fi 3Dy J(@Y) Ds(,)
. & with the fluctuation functional
detailed 1 ctional/

G(J) = 1[8() = 5] + ofe)

Empirical currents: on stationary currents satisfying
. 1. .
Jr(@,y) = 7 [#{jum S(J) = D(J)
_ #{J \\M Onsa%?]rc(;iosr?ipaﬂon
V% E—_ e
ot L] evond

lation laws




————————————————————
Stochastic models of nonequilibrium

towards general fluctuation theory

o |[tis useful to study theccupation time
statistics an@urrentstatisticgointly

e Joint occupation-current statistics has a
canonical structure

Driving-parameterized dynamics | Current potential function

anti- /
Reference equilibriumsymmetric Traffic




—!

& Canonicaequations

Legendre
= Jr(z,y) &= %

- 0H

5F (2,3) =F(z,y) —

va pajF

& Joint occupation-curreffluctuation functional

Ir(p,J) = 3[G(p,J) + H(p, F) = S(F,J)] g

Driving-parameterized dynamics | Current potential function

kr(z,y) = ko(z,y) eF@9/2 | H(p,F) = 2[Tr(p) — To(p)]
f

Reference equilibrium Traffic

A4




————————————————————
Stochastic models of nonequilibrium

consequences of canonical formalism

@ FunctionalG describes (reference)
equilibriumdynamical fluctuations

o Fluctuation symmetrimmediately follows:

IF(p7 _‘]) _IF(pa ‘]) — S(F7 ‘])

o Symmetric(p) andantisymmetridJ)
fluctuations areoupledaway from
equilibrium, but:

 for small fluctuations
* close to equilibrium

Decoupling betweep andJ
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General conclusions

what we know

@ Both MinEP andMaxEPprinciples naturally follow from the
fluctuation laws forempiricaloccupation timeandempirical
currents respectively

@ The validity of both principles is restricted tettiose-to-
equilibriumregime and it is essentially a consequence of

decouplingbetween time-symmetric and time-
antisymmetric fluctuations

intimate relation betweemaffic andentropy production
for Markovian dynamics close to detailed balance

@ Time-symmetridluctuations are in general governed by the
traffic functional (nonperturbative result!)

@ Jointoccupation-current fluctuations have a geneaalonical
structure generalizing the original Onsager-Machlup theory

@ Qur approach can be extended¢oni-Markovsystems with
some similar conclusions, cf. [6]



I
General conclusions

what we would like to know

@ What is theoperational meaningf new quantities (traffic,...)
emerging in the dynamical fluctuation theory?

@ Are there usefutomputational schemdsr the fluctuation
functionals and can orsystematically improven the EP
principles beyond equilibrium?

@ What is the relation betweeamaticanddynamical
fluctuations?

@ Could the dynamical fluctuation theory be a usafyproach
towards buildinghonequilibrium thermodynamics beyond
close-to-equilibriur

...and still many other things would be nice to know...
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