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Statistical mechanics:

systems formed by large collection of microscopic objects, with
some rule of interaction.

Try to understand the collective behaviour of the system.

- System of point particles with pair interaction.
- Cluster expansion method in that case (dilute gas).

- Generalization to polymers.
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Configurations: locally finite subsets of R (it is a point process)

State: probability measure on configuration space.

At finite volume, finite subsets of a box A € RY

n
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Point particles, pair interaction

Configurations: locally finite subsets of R (it is a point process)

State: probability measure on configuration space.

At finite volume, finite subsets of a box A € RY

n
- i V(X—xj
W(Xla...,Xn) = me 'BZ’J ( i)

divided by  Z(A) = / dj 2 e BT Viiow)

m!
m>0
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n_— L V(xG—x;
w(x1,...,Xp) = Zre B2V ximx)

z > 0, activity.
B > 0, inverse temperature.
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W(X17 '-'7Xn) = L"e—ﬂE;J V(xi—x;)

n!
z > 0, activity.

B > 0, inverse temperature.

V is the interaction potential.

If V =0, it is Poisson point process, a.k.a. ideal classical gas.
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n_— L V(xG—x;
w(x1,...,Xp) = Zre B2V ximx)

z > 0, activity.

B > 0, inverse temperature.

V is the interaction potential.

If V =0, it is Poisson point process, a.k.a. ideal classical gas.

Lennard-Jones potential.
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n_— L V(xG—x;
w(x1,...,Xp) = Zre B2V ximx)

z > 0, activity.

B > 0, inverse temperature.

V is the interaction potential.

If V =0, it is Poisson point process, a.k.a. ideal classical gas.

Lennard-Jones potential.
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Low interactions: 3 or z small
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AC Rd, Z(N) = Z ;I/ dy e P2 Vi)
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m>0
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AC Rd, Z(N) = Z ;I/ dy e P2 Vi)
. /\m

m>0

Void probabilities:

Z(A\ D)

Dc A, pa(Dis empty) = 20
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AC Rd, Z(N) = Z ;I/ dy e P2 Vi)
. /\m

m>0

Void probabilities:

Z(MN\ D) _ _tog z(\\D)~log z(n)

Dc A, pa(Dis empty) = Z(N

log Z(A\ D) — log Z(N\) is a power series in z.

Uniform convergence radius for A — R9?
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A CRY, Z(N) = / dy e i Vi—yi)
m>0

Void probabilities:

DcCA,  pa(Dis empty) = Z(é\(>\)D) — ¢lo8 Z(A\D)—log Z(A)

log Z(A\ D) — log Z(N\) is a power series in z.

Uniform convergence radius for A — R9?

1963: Penrose, Ruelle First positive answer.

Later: Better bounds but more hypothesis, using trees & graphs.

Here: Better bounds, no extra hypothesis.
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m
zZn =Y Z_ [ dy e BTi VUi —

m!
m>0 Am

_ / ax [[ etV
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m
Z(N) = Z % dy e P2 VUi—y) =

d —BV(x—y) _ / d —BV(x—y)_
/FAX I1 - ax I1 <1+(e 1))

x,y}ex@) {x,y}ex@
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Z(\) = /rdeH —BVEs) 1)

8€Gx s€Eg
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/MZH ~BV(s) _

A g€Gx s€kg

log Z(A /r dXZ H

g€eCx s€kg

(if it converges absolutely)
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/rAdX S [V -

8€Gx s€Eg

log Z(A / dXZ H

g€eCx s€kg

(if it converges absolutely)

Because a(gi)a(g2) = a(gi U g2) and

the series of Exp combines connected components in every possible
way.
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We need to bound

‘ ST (e=BV() _ 1)

gE€Cx sckg
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We need to bound

‘ S I (e Ve -1y

gE€Cx sckg

Penrose tree-graph identity (1967)

Sl -n=3 (- I <)

geCx s€kg TETx SET seM(r)\r

if 7 C M(7) € Cx such that Cx =[] [T, M(T)]

TETXx
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We need to bound

‘ ST (e=BV() _ 1)

gE€Cx sckg

Penrose tree-graph identity (1967)

Sl -n=3 (- I <)

geCx s€kg TETx SET seM(r)\r
if 7 C M(7) € Cx such that Cx = [[, 7, [, M(7)]

I1 ((e*Vs—1)+1): 3 (H(ef‘/s—n)

seM(r)\7 g'CM(r)\r seg’
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Cx = Hrepy 7, M(7)]

How do we get such partition scheme?
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Degree of freedom: it might depend on the points.

Cx 1 Tx
pick T(g) C g the tree which minimizes )
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Cx = [reri[m M(7)]
How do we get such partition scheme?

Degree of freedom: it might depend on the points.

Cx = Tx
pick T(g) C g the tree which minimizes )

567‘

“minimum spanning tree”
Proposition: T1(7) = [, M(7)]

where M is easy to describe.
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Cx LN Tx minimum spanning tree map.
Proposition: T~1(7) = [r, M(7)]

s € M(1) <= Vs > Vg for every s’ € T-path.
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Cx LN Tx minimum spanning tree map.
Proposition: T~1(7) = [r, M(7)]

s € M(1) <= Vs > Vg for every s’ € T-path.

Idea of proof
Kruskal algorithm: greedy construction of minimum spanning tree.

If 7 C g C M(7) then T(g) =T.
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Penrose tree-graph identity for minimum spanning trees wrt V.

ST 0= [ I «*

geCx S€Eg TETx SET seM(r)\7
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Penrose tree-graph identity for minimum spanning trees wrt V.

ST 0= [ I «*

geCx S€Eg TETx SET seM(r)\7

Now we bound:

e <> e -1 I e

g€Cx s€g TETx SET seM(r)\7

Further trick

=Y [Me-) [ e

TETx SET seM(r)\7t
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Stability hypothesis

the potential V has to satisfy

S Vix—y) = -BIX]

{x,y}ex®

for any finite configuration X C R, for some constant B > 0.
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Stability hypothesis

the potential V has to satisfy

Y. Vix—y)=-BIX|

{xyyex®
for any finite configuration X C R, for some constant B > 0.
f V>0

If not, negative part has to be controlled.
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S ([Ia-e™) I %)

TETx SET seM(T)\t*

We focus on the factor J] e "
seM(r)\rt

Cluster expansion using Penrose tree-graph identity 13/19



S (Mo I1 %)

TETx SET seM(T)\t*

We focus on the factor J] e "
seM(r)\rt

Claim: Y Vi > -B|X]
seM(r)\r+
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S (Mo I1 %)

TETx SET seM(T)\t*

We focus on the factor J] e "
seM(r)\rt

Claim: ) Ve>-BX]|

seM(r)\r+

(as if the graph M(7)\ 7" was the complete graph)
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Tree: T

Sy

> ZCCZS V5 > _B|X|

@ 2
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< 3 I - ey B

TETx SET

integrate over configurations of points, X
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< 3 I - ey B

TETx SET

integrate over configurations of points, X

log Z(A) — log Z(A\ D) ~~ trees with a vertex inside D

For | X| = n,

n=2 n—1
/(...) <z (/ (1- e#lV(x)\)dX) 580 )
JRd
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< 3 I - ey B

TETx SET

integrate over configurations of points, X

log Z(A) — log Z(A\ D) ~~ trees with a vertex inside D

For | X| = n,

n=2 n—1
/(...) <z (/ (1- e#lV(x)\)dX) 580 )
JRd

R > (e/B’B+1/ (1- e7/3|v‘)) -1
Rd
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Ising Model

Triatrd
4T T3 3
T4t 1Tl
4T T3
Triyr

Energy of a configuration: H(o) = Z loj — o
i jen
i~
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Ising Model

Triatrd
4T T3 3
T4t 1Tl
4T T3
Triyr

Energy of a configuration: H(o) = Z loj — o
i jen
i~

pa(o) = W (Boltzmann-Gibbs)
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General problem: understand infinite volume measures.
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General problem: understand infinite volume measures.

For /3 small, weak interactions, there is only one Gibbs measure.

d > 2, for 3 large, strong interactions, at least 2 Gibbs measures.

(so if d > 2, we have a phase transition)

With cluster expansion we can understand both statements, and
obtain explicit formulas.
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For 3 large:

chiffoftof
H++ H+
+++F+ ++

++H =+

Ising configuration = polymer configuration.
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For 3 large:

chiffoftof
H++ H+
+++F+ ++

++H =+

Ising configuration = polymer configuration.

( ) H’yea efﬁh/'
p(o) = :
S Ty e Pl
reNg
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For 3 large:

chiffoftof
H++ H+
+++F+ ++

++H =+

Ising configuration = polymer configuration.

( ) H’yea efﬁh/'
p(o) = :
S Ty e Pl
reNg
('Ylv---ﬂ/r)

Polymer activity: e/ lensth
Interaction: contact forbidden.

B3 small: polymers are defined in a different way.
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Z(A :/ dX e~ V()
w=[ o T1

{7172}
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= dX e 'Yl 'YZ
[

{7172}

/dXZ (-1

g€Gx SEEg

log Z(\) = /dXZ [[e" -1

T g€Cx s€kg
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= dX e 'Yl 'YZ
[

{7172}

/dXZ (-1

g€Gx SEEg

log Z(\) = /dXZ [[e" -1

T g€Cx s€kg

The same method works
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Thank you!

«4O0r 4F)>» «=Zr 4«EF)» = Qv



