MA3F4 - LINEAR ANALYSIS
Assignment 2

Problem 1. (Quotient space) Let X be a normed vector space and Z be a subspace
of X. It induces an equivalence relation, z ~ y iff x —y € Z.

(a) Check that the set of equivalence classes of X, X/Z is a linear space when
equipped with the following linear operations:

afz] + Bly] = [az + By.
(b) Supposed that Z is closed, and define the quotient norm on X/Z by

H[J:]Hq =inf{|y|| 1y ~ 2} =inf{|lz+2||: 2 € Z}.
Check that || - ||q is a norm. Why do we need Z to be closed?

Problem 2.

(a) Check that the operator norm is a norm indeed.
(b) Prove Theorem 1.4 (a linear map is continuous iff it is bounded).

Problem 3. In the linear space C*°([0, 1]) with the sup norm, we consider the two
operators M (multiplication) and D (differentiation):

(Mf)(x) = zf(x),  (Df)(x) = [f(z)
Show that ||M|| =1 and ||D]|| = cc.

Problem 4. Prove that the integral operator K on C([0,1]) defined by

(KD = [ ko) s,
where k € C([0, 1] x [0,1]), has norm

1
IK] = max / k() dy.
0

0<z<1

Problem 5. Prove the claims of Proposition 1.7 about finite-dimensional Banach
spaces.



