MA3G8 — FUNCTIONAL ANALYSIS II
Assignment 7 — Solutions

Problem 2.
(a) We have

IT* = / l9(2)[*| f (z)[*dx < sup [g(x) "I fII*,

so that ||T']| < sup|g(x)|. It will actually follow from (b) that ||T'|| = sup |g(x)|.
(b) Let us first see that if A ¢ {g(x):x € X}, we have A € p(T'). Consider the
operator S defined by

It is bounded since ||S|| < sup m < 00. One also sees that

S(T—\) = (T —\)S = 1.

Then 7' — A has a bounded inverse, so that A € p(T).

We prove now that if A € {g(z) : € X}, we have A € o(T'). Since the spectrum
of a bounded operator is closed (Corollary 5.8), and together with the result that
we just proved, we obtain that {g(z):x € X} = o(T).

We use the following property. For any bounded operator,

Hirnlf1 T —=Nz||=0 = Xeo).
We actually proved in the course (Propostion 5.12) that the two properties above are
equivalent for self-adjoint operators. But the implication holds for general bounded
operators.
Let x¢ such that g(z¢) = A, and consider the functions f, defined by

f(a) = {ﬁ GRED

0 otherwise.

Then || f,]| = 1, and

ﬂco+i
I =N fall = [ 7 lga) = APdr < supJga) ~ AP

T0— 5, \x—zo\<i

The latter goes to 0 as n — oo since g is continuous. Then A € o(7T).

(c) A trivial example: g(z) = 1, so that T is the identity and 1 is the (unique)
eigenvalue. More generally, A is an eigenvalue iff g='({\}) has nonzero Lebesgue
measure, in which case any function whose support is in g~}({\}) is an eigenvector.
(d) T is not compact, unless g = 0. Suppose that |g(z)| > ¢ for all z in a neigh-

bourhood of g, and consider the functions f,, defined above. We show that (T'f,,)
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has no converging subsequence. For m < n large enough, we have

\Tfo — ThilI? = / 9()2(n — m)dz + / lg(a)Pmdz

|| < 5 £ <Jal<zt

> [tn—m)+ (£ - 1)m]

= (1— )2
Suppose that (T'f,,) is a converging subsequence. Then it is Cauchy and ||T'f,, —
T fy, | is as small as we want for &, k" large enough. But the above bound implies

that
ITfu = Thi |l > (1 = 220222,

which is not small if ny > 2ny. Then (T'f,,) does not converge.



