THV-,V.}Q- vo\uw\a, SQHW \nﬁ \ O\DSQX'\/athﬁ, M }”QrO«c‘_)';o ns, S}O\}‘QS

C@v\»’qug ?O( /\ © Zox, ne \f\Q\L

27 +\

o Hilberk Sypoce }QA = ® € = @l(.ﬂ/\>

x<ecA

— —
@ HO\VVI\\ “‘OV\\' Gn H/\ = Z—r d_>x
Xc A

_RHL

v Ae

|-

o Glbbe stohe - LAD=

/A /\ /7 ZCA : —}QZD\ V\o\’ wgetal QV\O\’ S’Q{)wo\blﬁ !>
Hzo& ho\' AQC‘)V\QOK ,

C\Q?S;CG\ W\\V\ 97 - 5170* , rDL.(Z oS .

Does woy wovk here .



| scol observpbles

2 {41

o C

XEA

1

ﬂ_x = EC}QX>
I? Xc \l/ : ‘IV\SEC)';OV\ L : HX —b HY
LA = Ao Dyix

Exercie: Show ek N LAl = LA

A\5¢\wo\ or locol b sareibng ¢ ‘mo‘uc\‘t.ve twniown ﬂ\oc =V ’QX :

Xez®
1o m

A\(\j&w& o? OIV\Q;‘.—\OCQ\ o‘]DSQrvo\Dles: ﬂ = 'Q\oc , )')lz, Nnorm comp\z on

Thew v Ace R 3 Cau\c\qy secuance Ae Ry, sk TA-Aull - o

(s %y h—ﬂoo.



]Ze_mo‘vlqj .f—)_ "\o\s )’)’m Sx'fmc}ure 09 Cr @cw\c.c,\'\ Cﬂa\g&bm_

N‘;-O\V\S“\O\\HDV\Q'. (ZY . }(X D ‘X/CX+7

CZ7 @ QK = @ (€x+7
x € X

This Qx}mr\o“s \‘o ovg_ra\’ory;
%7 ‘ E(}Qx> — B(}QXH.)

%7,/% s bhe owa%r such Phot

(%, e = 7,(AT &)

T)\Q, }’ro\ns\a\%On is o X- O\\A\'OW\O\(P\'\‘»S"M .

X* £
T, (AR) = T,A T,B  ad (Z,A) = T,A.



IV\)AG,‘( ot C\\'OV\ S

An ]v\\”erc(c\HOn @ 1S Qo“QC}‘;OV\ C@x ) A
X€ Z
W}]ZYQ @X S ﬂ){ <

An nkecochion ts ¥rams\0‘);On—§wvar}am\' ¥ LZy d/)( = d/x_}r

Al our ‘(V\}*‘ero\c\%ov\r ore \’ro\vxc\a 10V ~ TV Ot Gk

Two orms o@ 'm\’@fachompf

wdu = 2 ) O (Pen $e T)

X >0 | X1

1Fh. = T WE Y 0 (e Fel,)
X >

O /



HO(V\/{\H(O\(\'IO«V\S‘ & C}w]}e—vo\um G,)Dbf S}&)‘&S

Grven @E I concl /\ c Zok, le}

d — r
H/\ = Z_J q/x
X CcA




‘IV\?\(VI;}Q_ - \/O\uwxz, S\'o, )’ES

m&_ Ce S\FD')'QS‘ o Q C¥>\L O\SQ)DTQ op c.\’b\O,S‘; loca\ &h)

DEFINITION 3.4. A state (-) is a normalised, positive linear functional on A.
That is, (-) satisfies

(i) (sA+tB) =s(A) +t(B) for all A,B € A and s,t € C.
(i) (1) = 1.

(iii) (A*A) >0 for all A € A.

We write € for the set of states. A state is called translation-invariant ¢

(A) = (1, A) for all x € Z°.
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DEFINITION 3.5 (State as cluster point). Let ® € Z, and let ¥,, be a sequence

of interactions in I such that ||V, || = 0 as n — oco. Let A, = {—n,...,n}?
and for A € Ay, let

1 S+ Uy,
A =~ TrAe PHa "
(A)A, 8 Zp, (@ +T,) i

The cluster points of the sequence (()?{n g)n>1 are infinite-volume Gibbs states
for the interaction ®.
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PROPOSITION 3.3. The Gibbs state (-)u g is the unique state (-) = Tr - p satis-
fying any of the following four conditions:

a) Tangent condition: Let Fg(H) := —1logTr e P2 . Then
b B

Fg(H + A) < Fp(H) + (4)
for all A= A* € B(H).
(b) Gibbs variational principle: The density matriz p minimizes the func-
tion

tf

Fp(p) :=TrHp + %Trplogp.

(¢) KMS condition: Define the time evolution
op(A) = et A7 1H t e C.
Then
(AB) = (B aip(4))
for all A, B € B(H).
(d) RAS condition: For all A € B(H) such that (AA*) > 0,
(A"A)

(A[H, 4]) = 5 (4" 4)log
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PROPOSITION 3.7.

(a) The free energy fa is a concave function of the interactions.
(b) (fa)rega are equicontinuous: for any ®, 9" € T we have

fa(®,8) — fa(2, B)] < |2 — @'].
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DEFINITION 3.8. A sequence of finite domains (A, )p>1 converges to Z% in the
sense of van Hove if
(i) it is increasing: Ap+1 D Ay, for all n;

(i) it invades Z¢: Up>1A,, = Z%;
|arAn|

(iii) the ratio boundary/bulk vanishes: A —0asn— o0, Vr.

Here, the r-boundary is 0, A = {x € A° : dist(z,A) < r}.

THEOREM 3.9. Assume that ® € Z, i.e. |®| < oco. Then the limit
n—oo

exists and is the same along all van Hove sequences A, ft Z%. It is a concave
function of the interactions.
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LEMMA A.12. Assume that (ap)pczd 95 o set-indezed sequence of real numbers
that satisfies

e translation invariance: ap., = ap for all A € 7% and x € 7.%;

e bulk property: there exists a constant c such that for any k and any
mutually disjoint Ay, ..., A, € Z%, we have

k 5
age_ A, — ZOJAI.‘ = CZ |01
=1 i=1

1=

Then there exists A\ € R such that

) aa
A= 1 n
nmoo [ Ay

along any van Hove sequence (A,) of domains in 7
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DEFINITION 3.10 (States as tangent functionals). A translation-invariant state
(- on A is an equilibrium state for the interaction ®, in the sense of tangent
functionals to the free enerqy, if

for all W € 1.
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PROPOSITION 3.3. The Gibbs state (-)m g is the unique state (-) = Tr - p satis-
fying any of the following four conditions:

(a) Tangent condition: Let Fg(H) := —% log Tr e PH . Then
Fg(H + A) < Fg(H) +(4)
for all A= A* € B(H).

(b) Gibbs variational principle: The density matriz p minimizes the func-
tion

Fp(p):=TrHp+ %Trplogp.

(¢) KMS condition: Define the time evolution
o(A) = et A 1H t e C.
Then
(AB) = (B aig(A))
for all A,B € B(H).
(d) RAS condition: For all A € B(H) such that (AA*) > 0,
1 (4" 4)

(A*A) log
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PROPOSITION 3.15 (Infinite-volume limit of the evolution operator). Assume
that ® € Z,. for some r > 0 and that t € R. There exists a x-automorphis
af : A— A such that

1 A= a4 =0 LA € A |
A}rr;dll%,t( ) — oy (A)]] for a 1 (3.39)

Further ||af]| = 1 and af satisfies the group property
ag(A) = af (ozg)(A)) forall Ae A, st eR.

(1) For |t] < sTa[,» We show that (ozj{i,t)A@Zd is Cauchy for each fixed A € Aj,.. We

denote the limit o (A).
(2) For t € R, we have ||Oéji€,t(A)H = ||A|| for all A, so ||a]| = 1.

(3) We use the group property to extend ag’ to the whole real line.




