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Uniqueness/non-uniqueness of Gibbs states

Clarification for last week : decomposition of states

· We need Go to be a metrisable set in order to apply
Choquet's theorem.
· The normalised linear functionals on of are compact in
Weak * topology (Banach-Alaogln) ·

· The subset of Gibbs states is closed ,
so it is compact.

· The weak * topology is not metrisable in general , but
compact subsets are metrisable.

· Since we deal with mean topology ,

the claim <) = Sucmidge)
means that FAEA ,

we have (A) = SU(A)Mldp) .



Recall basic models & their phase diagrams
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Hen = -(3SSS)-n

Next : a sufficient condition for uniqueness .



A sufficient condition for uniqueness-high temperature

Remark : If we include B
,
the condition is that B1f r is small.

Method of proof : This form of the KMS condition :

g ([A ,
B3) = g(B(c - 1) A) I:

AB-BA Bxi(A) - BA -Also useful : Hilbert-Schmidt inner product :
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Basis for the space of homitian matrices on
W
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Proof of uniqueness theorem .

Letpo be two KMS states
.

Whe show that

(A) = p(a)Aex ,
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Case 1 = 0
,
x=0

,
m = 0: 0 = Pc1 : cR)

Then g(c1) = c = pla(c1) ·

We now considerAm
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Urs : g([A ,1]) =

e (is (:
-1)A)

Let go(A) = p()(A) ,

(ky)(A) = x([(Ab") (di - 1) (1@ b) (

The equation is & (A) = 00(A) + (kg)(A)

C (1-k)0 = 00 Enough to check that 11/21.



1)ABI : 11All 11B112

Consider K : 1) 11 : 12) - self .

Then 11011 = sup 1P(A) I
.

then 16(A) 1 : 11III VIAlla

11Alle = 1

This uses

Using DAI Alle ,
11b* 11 = E , Machill = 1

,
we get

Then 1/k/I < 1
. I



Long-range order in XXE model

① Peierls argument for Ising

② Kennedy's extension to XXZ with
any J <J = J·

Note : long-range order => notmixing => Gibbs state not extremal

= 1gt1> 1



M = 2

Recall that In=-1
Notation : w = (wxxen ,

wa = 11
·

Probability measure on classical configurations :

Then :

("&P) =

= (5) -( >20?)
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Here : 1 = E - M, .
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Occurrence of long-range order

Proof
.

Contour representation :

↳



where the weights of the contours are
Awxzw

,

- Luxury = 1-2 . Luxu
,↓

set of sets of disjoint contours
-
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We have :

Then

Lt
Dx(pol : length of shortest path between X and you

V S3,1

Delger) a Igol
W now estimate the sum over contours :

#I get a bound for the probability thatwWy ,

hence for LSS33 :

I




